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("loop soups") in the setting of one-dimensional diffusions. First we give a 
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the law of the occupation field of the Poissonian ensembles of loops. Finally 
we explain how to sample this Poissonian ensembles using two-dimensional 
Markov processes. We also state and prove a Vervaat-like relation between 
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Introduction 

Lawler and Werner introduced in |16j the notion of Poissonian ensemble of 
Markov loops ("loop soup") for planar Brownian motion. In [22\ it was used 
by Sheffield and Werner to construct the Conformal Loops Ensemble (CLE). Le 
Jan studied in [TT] the analogue of the Poissonian ensembles of Markov loops in 
the setting of a symmetric Markov jump process on a finite graph. In both cases 
one defines an infinite measure /i* on time-parametrizes unrooted loops (i.e. loops 
parametrized by a circle where it is not specified when the cut between the begin- 
ning and the end occurs) and considers the Poisson point ensemble of intensity afi* , 
a > 0, denoted here In both cases the ensemble £i (where a = 1) is related 
to the loops erased during the loop-erasure procedure applied to Markovian sample 
path. In [llj Le Jan also studied the occupation field of that is the sum of the 
occupation times in a given vertex of the graph of individual loops. In case a = 
he found that it the square of a Gaussian Free Field and related it to the Dynkin's 
Isomorphism ([S])- 

The analogue of the measure /i* can be defined for a much larger class of Markov 
processes [9J). The aim of this paper is to study the measure /i* and the 

Poissonian ensembles of Markov loops in case of one-dimensional, not necessarily 
conservative, diffusion processes. The diffusion processes we consider takes values 
on a subinterval / of R, are always killed et hitting a boundary point of /, and 
may be killed by a killing measure on the interior of /. One can transform a 
diffusion process into an other applying a change of scale, a random change of 
time, a restriction to a subinterval, an increase of the killing measure or an h- 
transform. The measure fi* is covariant with all this transformations on Markovian 
processes. In other words the map diffusion to measure on loops is a covariant 
functor. Moreover we will show that fi* is invariant by h-transform on underlying 
diffusions. We will also extend the scope of our study by associating a measure on 
loops to "generators" which contain a creation of mass term: ML — L'^^) -I- v where 
L^"-* is a second order differential operator on / and is a signed measure, and if one 
sets zero Dirichlet boundary conditions for L, one can define in a consistent way a 
measure on loops related to L even in case the semi-group (e*^)i>o does not make 
sense. This extended definition of fi* will be particularly handy for computing the 
exponential moments of the Poissonian ensemble of Markov loops. 

The layout of this paper is the following: In section [T] we will recall some facts on 
one-dimensional diffusions and set the important notations. We will further consider 
"generators" with creation of mass term and characterize a class of such operators 
which up to an h-transform are equivalent to the generators of diffusions. In section 
[5] we will define the measure fi* and point out different covariance and invariance 
properties. Further we will make a connection between the Brownian measure on 
loops and the Levy-Ito measure on Brownian excursion using the Vervaat's bridge- 
to-excursion transformation. This in turn will lead us to a conditioned version 
of Vervaat's transformation that holds for any one-dimensional diffusion process, 
that is an absolute continuity relation between the bridge conditioned to have a 
given minimum and an excursion of the same duration above this minimum. The 
Vervaat's transformation is deeply related to the measure on loops /i*: The loops 
are unrooted, so one can freely chose an instant to separate the end from the start. 
If one chooses this instant uniformly over the life-time of the loop, then the loop 
under the measure /i* looks in some sense like a bridge. If one chooses this instant 
when the loop hits its minimum, then it looks like an excursion. In section[3]we will 
study the occupation field of the Poissonian ensemble of Markov loops. Each loops 
is endowed with a family of local times. The occupation field is the sum of local 
times over the loops. We will identify its law as an non-homogeneous continuous 
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state branching process with immigration parametrised by the position points in 
/. In case a — ^ we will identify it as the square of a Gaussian Free Field and 
show how it is possible to derive particular versions of the Dynkin's Isomorphism 
using this fact and Palm's identity for Poissonian ensembles. In section |4] we will 
root each loop in Ca in the instant when it reaches its minimum and obtain this 
way a collection of positive excursions. Then we will order this excursions in the 
decreasing sense of their minima and glue them together. We will obtain this way a 
continuous path which can be described using two-dimensional Markov processes. 
This is a way to sample Ca- In the particular case a = 1 the path we obtain 
is the sample path of an one-dimensional diffusion. This is the analogue in our 
setting of the relation between Ci and the loop-erasure procedure observed in the 
setting of the two-dimensional Brownian motion or of the symmetric Markov jump 
processes on graphs. Results of sections [5] and [3] lead to an interpretation, in terms 
of Poissonian ensembles of Markov loops, of the Ray-Knight theorem on the law of 
the local times of a Brownian motion stopped at a first hitting time. 

This paper contains definitions, propositions, lemmas, corollaries and properties. 
Properties are non-proved statements that are either obvious or already known. 
Propositions, lemmas, corollaries and properties have common counters which are 
restarted at the beginning of each of four sections. Definitions are numbered sepa- 
rately. 

1. Preliminaries on generators and semi-groups 

1.1. A second order differential equation. Let / be an open interval of M and 
u a signed measure on /. By signed measure we mean that the total variation 
is a positive Radon measure, but not necessarily finite, and vidx) = e{x)\v\{dx) 
where e takes values in {±1}. We look for the solutions of the linear second order 
differential equation on I: 

nil 

(1.1) d^+udv = Q 

dx 

In case v \s & negative non-zero measure, the equation (jl.ip commonly appears 
when studying the Brownian motion with a Killing measure. In this case the two- 
dimensional linear space of solutions is spanned by two positive solutions and 
u^, being non-decreasing and non- increasing. Given xq £ /, we can construct 
as the limit when xi — > inf / of the unique solution which equals in xi and 1 in 
Xq. For we take the limit as xi — )• sup/. See section 16.11, or [501, Appendix 
8, for more details. Here we are mostly interested in the less common case of a 

signed measure \v\. For a solution u to p.ip we will write — (a;+) and —{x^) 

dx dx 

for the right-hand side respectively left-hand side derivative of u at x. The two 

du dvL 

are related by ^(^^) ^ ^ —u{x)v{{x}). Next we give a Cauchy-Lipschitz 

principle for (II. ip : 

Proposition 1.1. If x^ £ I and uq^vq € K, there is a unique solution u to (|l.ip . 
continuous on I, satisfying u{xo) = uq and ^(^o') = ''^o- 

Proof. Let xi £ I, xi > xq. Let J' be the map from L°° ([xq, a;i]) to itself defined 

by 

{JV){x) ^ vq- uoi^iixo,x]) - / i^{{y,x])V{y)dy 

Jxo 

A continuous function u on [a::o,xi] is solution to (|l.ip on [a;o,xi] with given initial 

du du 
values at xo if and only if u^xq) = uq, — G L°°([a;o, xi\) and — is a fixed point of 

dx dx 
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J . Conversely if is a fixed point of J , then u{x) = uq + V{y)dy is solution 

to ini). 

For Vi,V2 £ L°^{[xo,xi]), ^"(^2) - ^"(Vi) equals 

(-1)" / '^{{yi,x])..M{{y„,x]){V2{yn) -Vi{yn))dyi...dy„ 

J xo<yi<...<yn<x 

The Lipschitz norm of J'" is smaller or equal to I O' •^i]) ( 1 •'"o) ^ ^ 

large enough ^J" is contracting and thus J" has a unique fixed point in L°°([a;o, a^i])- 
This implies existence and uniqueness of a solution to (jl.ip on [a;o,a;i]. The same 
is true if we take xi < xq. By gluing together solutions on different compact 
subintervals we get a solution on /. □ 

Let W{ui,U2){x) be the wronskian of two functions ui,U2'. 

W{ui,U2)ix) := ui(a;)^(x+) - U2ix)^^{x^) 

If Ui,U2 are both solutions to (jl.ip . W{ui,U2) is constant on /. Using this fact 
we get a results which is similar to Sturm's separation theorem for the case of a 
measure v with a continuous density with respect to the Lebesgue measure (see 
theorem 7, section 2.6 in [5]): 

Property 1.2. Let xq < xi be two points in I. 

• (i) Let ui be a solution to (II. ip satisfying Uiixo) — 0, — ^i^t) > 0' "^^^ 

dx 

U2 a solution such that U2{xq) > 0. Assume that U2 > on [xq,xi]. Then 
Ui > on {xo,Xi]. 

• (ii) Let ui, U2 be two solutions such that uAxf)) = ^2(2^0) > and — ^(xt) > 
d 

-^(xq ). Assume that U2 > on [a;o,a;i]. Then ui > U2 on {xq,xi\. 

• (Hi) If there is a solution u to (jl.ip positive on {xq^xi) and zero at xo and 
Xi then any other linearly independent solutions to (jl.ip has exactly one 
zero in [xq, xi). 

Next we prove a lemma that will be useful in the section 11.31 

Lemma 1.3. Let be the positive part of v. Let xq < xi £ I. Let f be a 

continuous positive function on [xq, xi] such that min^j.^ ^.^j / > i'^{[xq, xi])"^ . Then 
the equation 

du 

(1.2) d— +udv ~uf dx = Q 

dx 

has a positive solution that is non- decreasing on [xq,xi\. 

Proof. Set A :— minja;^ .^j^] /. Let u be the solution to (|1.2p with the initial val- 
ues u{xo) — 1, '^i^o) ^ ^^-^1 show that u is non-decreasing on [xo,a;i]. 

du 

Assume that this is not the case. This means that —{x'^) takes negative values 

dx 

somewhere in [xo,xi]. Let 

du 

X2 ■■= inf{a; G [xo,xi]\ — {x+) < 0} 

du , , du , I du , 

Since —ix'^) IS right-continuous, —(xJ) < 0. Let r(x] := —(x^). u is 

dx dx u[x) dx 

positive on [xo,X2] hence r is defined [a:;o,a;2]- i'{xo) — a/A. r is cadlag and satisfies 
the equation 

dr = (/ — r"^ ) dx — du 
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Let a;3 :— sup{a; S [a;o, 2;2]|''(2;) > We have 

r{x2) ^ r{x^) + / {f{x) - r'^{x))dx - iy{[x3,X2]) 



By construction r{x^ )>^/X. By definition f ~ > on (0:3, X2]. Thus 
r{x2) > VA— i^([2^3, 2^2]) > 0. It follows that r{x2) > 0, which is absurd. □ 

1.2. One-dimensional diffusions. In this subsection we will describe the king of 
linear diffusion we are interested in, recall some facts and set notations to be used 
subsequently. For a detailed presentation of one-dimensional diffusions see [TU] and 
[3], chapter 16. 

Let / be an open interval of R, m and w continuous positive functions on /. We 
consider a diffusion (Xt)Q^i^(^(o} on / with generator 

7,(0) _J_jL ( _J_jL 

m(x) dx \w{x) dx ^ 

and killed as it hits the boundary of /. In case I is unbounded, we also al- 
low for X to blow up to infinity in finite time. C''"'' is the first time X either 
hits the boundary or blows up. For the sake of simplicity we will assume that 



£ L^^(/), the space of functions on / that are bounded on compact subin- 



dw 
dx 

tervals, although this condition is unimportant. Given such a diffusion, the speed 
measure m{x) dx and the scale measure w{x) dx are defined up to a positive multi- 
plicative constant, but the product mw is uniquely defined. A primitive of w is a 

natural scale function of X. Consider the random time change dt = — ; — r- dt. 

m[Xt) 

Then (iS'(Xj))g^j^^(o) is a standard Brownian motion on S{I) killed when it 
first hits the boundary of S{I). For all f,g smooth, compactly supported in /, 
Jj{L^°'^f){x)g{x)m{x)dx = ^ ^ f {x){L^^"i g){x)m{x) dx. The diffusion X has a fam- 
ily of local times {^^{X))x£I^t>Q with respect to the measure m{x)dx such that 
I— >■ i^{X) is continuous. We can further consider diffusions with killing 
measures. Let fc be a non-negative Radon measure on /. We kill X as soon as 
Jj £^{X)m{x) dk{x) hits an independent exponential time with parameter 1. The 
corresponding generator is 

m[x) dx \w(x) dx J 

Let {Xt)o<:t<(; be the diffusion of generator (|1.3p . which is killed either by hitting 
dl, or through blowing up, or by the killing measure k. For x £ I let rj^-^^ and 77^^ 
be the excursion measures of X above and below the level x up to the last time 
X visits X. The behaviour of X from the first to the last time it visits x is a 
Poissonian point process with intensity rj^J^^ +'?^cj parametrized by the local time 
at X up to the value £^{X). rj^^^ and 77^^ are obtained from the Levy-Ito measure 
on Brownian excursions through scale change, time change and multiplication by a 
density function accounting for the killing. See [H] for details on excursion measures 
in case of recurrent diffusions. 

If X is transient the Green's function of L, 

G{x,y) :=E,[4(X)] 
is finite, continuous and symmetric. For a; < y it can be written 

G(a;,y) = u^{x)u^{y) 

where (x) and [y) are positive , respectively non-decreasing and non- increasing 
solutions to the equation Lu — 0, which through a change of scale reduces to 



POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL DIFFUSIONS 



7 



an equation of form If S is bounded from below, u-t-(inf /+) =0. If 5 is 

bounded from above, M^(sup/^) = 0. u^{x) and u^iy) are each determined up to 
a multiplication by a positive constant, but when entering the expression of G, the 
two constants are related. See [lOj or [3], chapter 16 for details. Let W{ui,u^) be 
the Wronskian of and : 

This Wronskian is actually the density of the scale measure: W{ui,u^) = w. 

If the killing measure k is non zero, then the probability that X , starting from 
X, gets killed by k before reaching a boundary of / or blowing up to infinity equals 
/j G{x,y)m{y)k{dy). Conditionally on this event, the distribution of X,^- is: 

G{x, z)m{z)k{dz) 
JiG{x,y)m{y)k{dy) 

The semi-group of L has positive transition densities pt{x, y) with respect to the 
speed measure m{y) dy and {t,x,y) ^ pt{x,y) is continuous on (0,+cx)) x I x I. 
McKean gives a proof of this in [T^ in case when the killing measure k has a 
continuous density with respect to the Lebesgue measure. If this is not the case, we 
can take u a positive continuous solution to Lu — and consider the h-transform 
of L by u: u^^Lu. The latter is the generator of a diffusion without killing measure 
and by [17 this diffusion has continuous transition densities pt(x, y) with respect to 
m{y) dy. Then u{x)pt{x, are the transition densities of the semi-group of L. 

Transition densities with respect to the speed measure are symmetric: pt{x,y) = 
Pt{y, x). For all x,y E I and t > the following equality holds: 

(1.4) E,[4^«(X)]= f Ps{x,y)ds 

Jo 

Newt we deal with bridge probability measures. 

Proposition 1.4. The bridge probability measures y{-) (bridge of X from x to 
y in time t conditioned neither to die nor to explode in the interval) satisfy: for all 
X E I the map (x, y, t) i— > P% y{-) is continuous for the weak topology on probability 
measures on continuous paths. 

Proof. Our proof mainly relies on absolute continuity arguments of [IH] and [3], 
and the time reversal argument of [TB]. fH gives a proof of weak continuity of 
bridges for conservative Feller cadlag processes on second countable locally compact 
spaces. But since the proof contains an error and we do not restrict to conservative 
diffusions, we give here accurate arguments for the weak continuity. 

First we can restrict to the case fc = 0. Otherwise consider u a solution to 
Lu — 0, positive on /. The generator of the h-transform of L by u is 

1 d / u{xf d \ 
u{xYm{x) dx \ w{x) dx ) 

and does not contain any killing measure. The h-transform preserves the bridge 

measures and changes the density functions relatively to m{x) dx to —-—pt{x, y)u{y), 

u(x) 

and thus preserves their continuity. 

Then we normalise the length of bridges: if (^i^'^'*'')o<s<t is a path under 
the law P^j^(-), let P^j,(-) be the law of (X^^'^'*-')o<r<i- It is sufficient to prove 
that {x,y,t) 1-^ ^l y^-) is continuous. For v £ [0,1], let P^'^'^^(-) be the law of 
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(X^^''''*'')o<r-<t)- Let P^'^(-) be the law of the Markoviaii path {Xrt)o<r<v start- 
ing from X. For v E [0,1) we have the following absolute continuity relationship: 

(1.5) dF'^l = l.t<c ^^^""y^^;''^^ dPT 

Let ( Jn)n>o be an increasing sequence of compact subintervals of / such that 
I = lJn>o "^"^ ^^^^ ?ivst exit time from J„. Let /„ be continuous compactly 

supported function on / such that < /„ < 1 and fn\j„ = 1- We can further assume 
that the sequence {fn)n>o is non-decreasing. The map 

ix,y,t) ^ /„(sup X)fJmf X)dF*^'' 

[0,vt] lOM] 

is weakly continuous. Let (xj,yj,tj)j>Q be a sequence converging to {x,y,t). Let 
F be a continuous bounded functional on C([0, u]). Then applying (II. 5p we get: 

(1.6) %,';^(/„(sup7)/„(inf 7)F(7)) - P^',; (/„ (sup 7)/„(inf 7)^(7)) = 

lo,v] [OM [O.v] [OM 

(1.7) P^- / p(i-.K(7(^),y) ^^ \ 

' \ Pt[x,y) [0,^] [o,f] J 

(1.8) -P*- (' P(i-);(^(^)'^) /„(sup^)/„(inf 7)f(7)') 

\ Pt[x,y) [o,„] lo,v] J 

(1.9) f ^^^'"f^^'l'"^V »(sup7)/»(inf7)f(7)'l 
\ Ptj(xj,yj) [Q,v] [oM J 

(1.10) -P^;^ / P(i-.)t(7(^),y) ^^ \ 

Since ")*^ '^-^ jg continuous and bounded on J„, (|1.7p — p.Sp converges to 0. 
Pt[x,y) 

A/r f -1 u P(i-«)t,(-,%) . -r , , T , P(i-f)t(->y) 

Moreover tor j large enough, ^ — — is unitormly close on J„ to ^ — -r- — r — . 

Pt,[xj,yj) Pt[x,y) 
Thus (|1.9p — (|1.10p converges to and finally (|1.6p converges to 0. Let rip G N and 
n> uq. Then 

%;,(1 - /„(sup7)/„(inf 7)) = 1 - %,;^(/„(sup7)/n(mf 7)) < 
' ' lo,v] [OM [o,„] [0,1;] 

(1.11) 1 - (/no (sup 7)/no ( inf 7)) ^ 1 - ^%ifn„ (sup 7)/„o ( mf 7)) 

[0.1)] [0.''] [0,v] lOM 

From p. lip we deduce that 

hrn lim sup (1 - /„(sup 7)/n( inf 7)) = 

n-»+oo ' ' [0,1;] [O,"] 

It follows that 

.lim %:;,(^(7)) = p^:;(^^(7)) 

From this we get that the law of any finite-dimensional family of marginals of 
P^j^(.) depends continuously on {x,y,t). To conclude we need a tightness result 
for {x,y,t) H->- P^ ,^(.). We have already tightness for {x,y,t) >-)• P^'_'^(.). The image 
of P* j,(.) through time reversal is P* 2,(.). So we also have tightness on intervals 
[1 — v', 1] where v' € (0, 1). But if w -f- > 1, tightness on [0,v] and on [1 — v', 1] 
implies tightness on [0,1]. This concludes. The article [3] contains an error in 
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the proof of the tightness of bridge measures in the neighbourhood of the ending 
point. □ 

1.3. "Generators" with creation of mass. In this section we consider more 
general operators 

I d f I d 



^ ^ m(x) dx \w{x) dx ^ 

with zero Dirichlet boundary conditions on dl, where v is a signed measure on / 
which is no longer assumed to be negative. We set 

In the sequel we may call L "generator" even in case the semi-group (e*^)i>o does 
not make sense. Our main goal in this subsection is to characterize through a 
positivity condition the subclass of operators of form p.l2p that are equivalent up 
to an /i-transform to the generator of a diffusion of form (11.31) . 

We will consider several kinds of transformations on operators of the form p.l2p . 

dx^ 

is a signed measure. We call C'onj{h, L) the operator 



First, the h-transform: Let hhe a positive continuous function on / such that 3— ^ 



Conj{h,L) = , , ,„ , , — ^7^^ +iy+-L^°>h 
nyxj'^myx) dx \ w[x) dx J n 

If / is smooth function compactly supported in / then 

Conj{h,L)f ^h-^L{hf) 

We will call Conj(h, L) the h-transforni of L by /i even though h may not be 
harmonic {Lh = 0) or sub-harmonic {Lh < 0) and L is not necessarily the generator 
of a diffusion. 

dA 

Second, the change of scale: If ^ is a function on / such that — — > and 

dx 

^ ^ e L^^(/) and (7(i))o<t<T a continuous path in /, then we will set ScalcAi'l) to 

be the continuous path (yl(7(s)))o<t<T in A{I). Let Scale\{L) be the operator on 
functions on A{I) with zero Dirichlet boundary conditions induced by this change 
of scale: 

Scale\{L) = ^ 4~ I 7~T^T"7" I + 

' mo A-^(a)da\wo A-^{a)da) 

where Ai^v is the push- forward of the measure v by A. 

Third, the change of time: If V is positive continuous on / then we can consider 
the change of time ds = V(7(i)) dt. Let Speedy be the corresponding transforma- 
tion on paths. The corresponding "generator" is yL. 

Finally, the restriction: if / is an open subinterval of / then set L|/ be the 
operator L acting on functions supported in / and with zero Dirichlet conditions 
on dl. 

For the analysis of L we will use a bit of spectral theory: If [xq, xi] is a compact 
interval of R and m, w are positive continuous functions on [a;o,a::i], then the op- 
erator — [ , 3~ ) with zero Dirichlet boundary conditions has a discrete 



rh{x) dx \w{x) dx ^ 

spectrum of negative eigenvalues. Let — Ai be the first eigenvalue. It is simple. 
According to Sturm-Liouville theory (see for instance [53], section 5.5) we have the 
following picture: 
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Property 1.5. Let A > and u a solution to 

J__d_ (}_d_ 

jfidx \wdx 



+ Xu = 



du 

with initial conditions u(xo) = 0, — — (a;o) > 0. 

dx 

• (i) If u is positive on (xo,xi) and u{xi) ~ then A = Ai and u is the 
fundamental eigenf unction. 

• (ii) If u is positive on {xq,xi\ then A < Ai 

• (Hi) If u changes sign on {xq,xi) then A > Ai 

Next we state and prove the main resuh of this section. 

Proposition 1.6. The following two conditions are equivalent: 

• (i) There is a positive continuous function u on I satisfying Lu — 0. 

• (ii) For any f smooth compactly supported in I 

(1.13) j{L^^^f ){x)f{x)m{x) dx + f{xfm{x)v{dx) < 

Proof, (i) implies (ii): First observe that the equation Lu = reduces through a 
change of scale to an equation of the form p.ip . Let u be given by condition (i). 
Let L :— Conj{u, L). Since Lu = 0, L is a generator of a diffusion without killing 
measure. Let ifi{x) := u'^{x)m{x). Then for all g smooth compactly supported in 
/, Jj{Lg)gmdx < 0. But 

{Lg)gmdx ~ J [L^^^ {ug)){ug)mdx + j {ugY mv{dx) 

Thus (jl.l3p holds for all / positive compactly supported in / such that is 
smooth. By density arguments, this holds for general smooth /. 

(ii) implies (i) : First we will show that for every compact subinterval J of / there 
is a positive continuous function uj on J satisfying Luj = on J. Let J be such 
an interval. By lemma [T31 there is A > and u\ positive continuous on J satisfying 
Lu\ — Xu\ = on J. Let L\ :— Conj{u\, L^j). Then 

L - — — (——\ +A 

^ u^m dx \ w dx ) 

Let L^^^ L\ — A. L^'^^ is the generator of a diffusion on J. We can apply 

the standard spectral theorem to l''^^ Let — Ai be its fundamental eigenvalue. 

-^A*^ + A = La is a non-positive operator because it is an h-transform of Lyj which 

satisfies condition (ii). This implies that A < Ai. Let u be a solution to L^'^''m+Am = 

du 

with initial conditions {((min J) = and — — (min J) > 0. Since A < Ai, according 

dx 

to propertv ll.51 u is positive on J. We set uj :— u\u. Then uj is positive continuous 
on J and satisfies Luj = 0. This finishes the proof of the first step. 

Now consider a fixed point x^ in / and {Jn)n>o an increasing sequence of compact 
subintervals of / such that x^ £ Jq and lJn>o ~ ^- ^Jn be a positive 

L-harmonic function on J„. We may assume that uj^{x^) = 1. The sequence 

( ./"^ (^(t) ) bounded from below. Otherwise some of the uj^^ would change 

V / n>0 

sign on /n (a;o- +oo)- Similarly, since none of the uj^ changes sign on /H (— oo, xq), 
-{xq) is bounded from above. Let v be an accumulation value of the sequence 



duj^ ^^+^ 
dx 
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/ du,j 



\ dx 



— {xq) j . Then the i-harmonic function satisfying the initial conditions 



»i>0 

du , 



u{xq) = 1 and ^(^o ) — i^ positive on /. □ 

We will divide the operators of the form (|1.12p in two sets: S"'^ for those 
that satisfies either of the constraints of the proposition 11.61 and 23+ for those that 
don't. is made exactly of operators that are equivalent up to an /i-transform 

to the generator of a diffusion. We will subdivide the set in two: D~ for the 

operators that are an h-traiisform of the generator of a transient diffusion and 2)" 
for those that are an h-transform of the generator of a recurrent diffusion. These 
two subclasses are well defined since a transient diffusion can not be an h-transform 
of a recurrent one. Observe that each of L G , and 1)^ is stable under h- 
transforms, changes of scale and of speed. Operators in D~ and S'^ do not need to 
be generators of transient or recurrent diffusions themselves. For instance consider 
on M 

r 1 

where a+, a_ > 0. If 3a+ - a_ > then L e D+, if 3a+ - a_ = then L e 1)° , if 
3a+ - a_ < then L G D^. 

If i e the semi-group (e*^)t>o is well defined. Indeed, let X be the diffu- 

sion on / of generator L*^*^' and ( the first time it hits the boundary of / or blows up 
to infinity. Let u be a positive L-harmonic function and L := Conj{u, L). L is the 
generator of a diffusion X on I without killing measure. Let C be the first time X 
hits the boundary of / or blows up to infinity. Then for any / positive bounded com- 
pactly supported in /, a; g / and t > 0,Ex [lt<c exp(/j li7n{y)u[dy))J{Xt)\ < +oo 
and we have the equality: 



(1.14) 



lt<cexp(/ eyiX)m{yHdy))fiXt) 



I 



u{x) 



h^^uiXt)fiXt) 



Identity (11.141) can be proved using Girsanov's theorem. In case L e , let 
{G{x, y))x,yei be the Green's function of L relatively to the measure u{x)'^m{x) dx. 
Then L has a Green's function {G{x,y))x^yei that equals 

G(x,2/)=E, UX)m{z)y{dz))£y{X) ^ u{x)u{y)G{x,y) 



For X < y ^ I , G{x,y) = u^{x)ui{y) where and are L-harmonic. Then we 
set := uii^ and :— uu^. u-^ and are _L-harmonic and for x < y ^ I , 
G{x,y) = u^{x)ui{'y). But contrary to ii-f respectively u^, respectively is not 
necessarily non-decreasing respectively non-increasing. 

The discrete analogue of the sets D~ , and are symmetric matrices with 
non-negative off-diagonal coefficients inducing a connected transition graph, with 
the highest eigenvalue that is respectively negative, zero and positive. However in 
continuous case the sets L E J)^, D° and can not be defined spectrally because 
for operators from L £ S)~ and S)"*" the maximum of the spectrum can also equal 
zero. However the next result shows that the sets J)~ and S)+ are stable under 
small perturbations of the measure v and that is not. 

Proposition 1.7. • (i) If L E J)*' and k is a non-zero positive Radon mea- 

sure on I then L — k E T)^ and L + k £ 2)+. 
• (ii) If L £ 23^ and J is a compact subinterval of I then there is K > 
such that for any positive measure k supported in J satisfying k{ J) < K 
we have L + k Cz 33^ . 
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• (Hi) If L Cz T)^ then there is K > such that for any positive finite measure 
k satisfying k{I) < K we have L — k Cz S^. 

• (iv) If L Cz T)^ , there is a positive Radon measure k on I such that L — k G 
D". 

• (v) Let L G 55+ and < xi G /. Then -/jKjjq.xi) G S)" if and only if there 
is an L-harmonic function u positive on (a;o,a;i) and zero in xq and xi. 

Proof, (i): Consider h positive continuous on / such that Conj{h, L) is the genera- 
tor of a recurrent diffusion. Since Conj{h, L — k) = Conj{h, L) — k, Conj(h, L — k) 
is the generator of a diffusion killed at rate k and thus L — k E S)^. Similarly we 
can not have L + k G because this would mean L = (L + k) — k E . 

(ii) : Without loss of generality we may assume that L is the generator of a 

1 rf2 

transient diffusion and that it is at natural scale, that is L ~ — rT~r^- Since 

m[x) aa;^ 

the diffusion is transient, I ^ R. We may assume that xq :~ mil > — oo. Write 
J — [xi,X2\. Let fc be a positive measure supported in [a;i,a;2]. Let u be the 

du 

solution to Lu + udk — with the initial conditions u{xq) — 0, — (xn) = 1. u 

dx 

is afHne on [a;o,xi] and on [2:2, sup/). On [xi,a;2] u is bounded from above by 
X2 — Xq. Thus, if k[[xi, X2]) < —, — ■ — '■ — -T— then u is non-decreasing on / and hence 

(X2 ~ Xo) 

positive. This implies that L + k E 2)*^'^. By the point (i) of current proposition, 

minr^, m 
itk{[xi,X2]) < , ^ '\ then L + fc e D". 

[X2-Xq) 

(iii) : By definition there is / smooth compactly supported in / such that (|1.13p 
does not hold for /. Let U be the value of the left-hand side in (|1.13l) . C/ > 0. If 

A: is a positive finite measure on / satisfying < - — — then if we 

ll/IISomaxs„pp/m 

replace by 1/ — fc in (jl.f 3p . keeping the same function /, we still get something 
positive. Thus L - fc e S)+. 

(iv) : Let / be a smooth function compactly supported in / such that (|1.13l) does 
not hold for /. Let J be a compact subinterval of / containing the support of /. 
The set 

{se [0,I]|L-J/+ +sljz/+ e D-} 

is not empty because it contains 0, and open by proposition 11.71 fiiV Let Smax by 
its supremum. Then Smax < 1 a-nd i — + s„iaK 

\jv+ e D". Then 

fc := + (1 - Smax)!,/ 

is appropriate. 

(v) : First assume that there is such a function u. Then by definition -/j|(:r„^a;j) G 

2)'''". Conj(u, L\(^xo,xi)) does not have any killing measure and the derivative of 

w . . 

its natural scale function is — . It is not integrable in the neighbourhood of xq 

u , , 

or Xi. Thus the corresponding diffusion never hits xq or xi. This means that 
it is recurrent. Conversely, assume that L\(^xg X2) € 2)*^. Let m be a solution to 

du 

Lu — satisfying u{xo) = and ^(•^J) > ^- ^ changed its sign on (xq, xi) then 
according to the preceding we would have G 2)+. If u were positive on an 

interval larger that {xq^xi) we would have i|(a;o,xi) ^ ® • The only possibility is 
that u is positive on (xq, xi) and zero in xi. □ 



2. Measure on loops, invariance, covariance and disintegration 

properties 
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2.1. Spaces of loops. In this subsection we introduce the spaces of paths and 
loops on witch will be defined the measures we will consider throughout the paper. 
First we will consider continuous, time parametrized, paths on K, (7(t))o<t<T(7)) 
with finite life-time T{'j) G (0, +c»). Given two such paths (7(i))o<t<T(7) and 
(7'(^))o<t<T(7')i ^ natural distance between them is 

Spathsh,!) := I log(r(7)) - log(r(7'))| + max 17(^^7(7)) - j'{vT{y))\ 

v£[0,l] 

A rooted loop in K will be a continuous finite life-time path (7(i))o<t<T(7) such 
that 7(7(7)) = 7(0) and we will write £ for the space of such loops. £ endowed 
with the metric Spaths is a Polish space. In the sequel we will use the corresponding 
Borel cr-algebra, Bs,, for the definition of measures on £,. For v e [0, 1] we define 
a parametrisation shift transformation shifty on £: shifty{'y) ~ 7 where T(7) = 
T(7) and 

^(f\ - / + ^) i < (1 - v)Th) 

We introduce an equivalence relation on £: 7 ~ 7 if T{j') = T^j) and there is 
V e [0, 1] such that 7' = shiftv{'^)- We call the quotient space "^/^ the space of 
unrooted loops, or just loops, and write it £*. Let tt be the projection tt : £ — > £*. 
There is a natural metric 5f;* on £*: 

^£'(7r(7);7r(7')) 5paths[shifty{-f),^') 
tie [0,1] 

(£*,5£. ) is a Polish space and tt is continuous. For defining measures on £* we 
will use its Borel cr-algebra, Bs^*. 7r^"'^(y8£. ), the inverse image of Bz* by tt, is a 
sub-algebra of Bz- 

In the sequel we will consider paths and loops that have a continuous family of 
local times {it{l))xi=:V..Q<t<T{'y) relatively to a measure m{x)dx such that for any 
positive measurable function / on M and any t e [0,r(7)]. 

jj{^{s))ds^ jp,{^)m{x)dx 

We will simply write -^^(7) for £^^^^^(7). 

In the sequel we will also consider transformations on paths and loops and the 
images of different measures by these transformation. We will use everywhere the 
following notation: If £ and £' are two measurable spaces, ip : £ 1-^ £' a measurable 
map and ry a positive measure on £, Lp^,rj will be the measure on £' obtained as the 
image of r] trough ip. 

2.2. Measures /i^'^ on finite life-time paths. First we recall the framework that 
Le Jan used in [11]: G = {V,E) is a finite connected graph. Lq is the generator 
of a symmetric Markov jump process with killing on G. mc is the duality measure 
for LiQ. {pf{x,y))x,yev,t>o is the family of transition densities of the jump process 
and {^x'yi'))x,yev,t>o the family of bridge probability measures. The measure on 
rooted loops associated with Ljj is 

(2.1) HL.{-)^ I Y.^Z{-)pf{x,x)mG{x)'^ 

IJL*j^^ is the image of /i^^ by the projection on unrooted loops. The definition of 
li*^^ is the exact formal analogue of the definition used in [TB] for the loops of the 
two-dimensional Brownian motion. In [TT] also appear variable life-time bridge 
measures {p^^)x,y<£V which are related to /^^^^ 

r+00 

(2.2) Ml;^(-)=/ Ptl{-)pf{x,y)dt 

Jo 
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In this subsection we will define and give the important properties of the formal 
analogue of the measures /x"^'^ in case of one-dimensional diffusions. In the next 
subsection 12.31 we will do the same with the measure on loops /i^^ . 

/ is an open interval of M. {Xt)o<t<c is a diffusion on / with a generator L of 
the form (jl.3p . We use the notations of the section [L2] Let x,y £ I. Following the 
pattern of (|2.2p we define: 



Definition 1. 



+ 00 



PlJ-)pt{x,y)dt 



We will write /i^'" instead of /i^'^ whenever there is no ambiguity on L. The 
definition of fi^'^ depends on the choice of m, but m{y)fi^'y does not. Measures 
^^^y were first introduced by Dynkin in [S] and enter the expression of Dynkin's 
isomorphism between the Gaussian Free Field and the local times of random paths. 
Pitman and Yor studied this measures in |19j in the setting of one-dimensional 
diffusions without killing measure (fc = 0). Next we give a handy representation 
of ^^'^ in the setting of one-dimensional diffusions. It was observed and proved by 
Pitman and Yor in case fc = 0. We consider the general case. 

Proposition 2.1. Let F be a non-negative measurable functional on the space of 
variable life-time paths starting from x. Then 

rC 

FiiXs)o<s<MiX) 



(2.3) 

Equivalently 



^-■^(F(7)) = 



q{x) 



FiiX. 



S)0<S<T^ 



\dl 



where := inf{f > 0|£f (X) > I}. 



Proof. It is enough to prove this for F non-negative continuous bounded functional 
witch takes value if either the life-time of the paths exceeds some value tmax < +oo 
or of it is inferior to some value tmin or if the end point of the path lies out 
of a compact subinterval [21,22] of / (with y e (21,^2)). For j < n G N, set 



3{t„ 



and Atr, 



Almost surely F{{Xs)o<s<t)dtl: 



is a limit as n — )■ +00 of 

ri-l 

(2.4) 5]F((X,)o<.<,,,J(^?^.^^,„,,(X)-^^^._^,^(X)) 
j=o 

Moreover (|2.4p is dominated by ||F||oo^^ z^^^- It follows that the expectations 
converge too. Using the Markov property and (|1.4p . we get that the expectation of 
(113) equals 

(2.5) J2 / / %" (^((^^) 

Q<s<tj „)) Ptj „(a;, z)pr{z, y) drm{z) dz 

Using the fact that pr{-,-) is symmetric, we can rewrite (|2.5p as 
(2.6) 

Y,^tnK':z {F{{Xs\<s<t,j)pt,,Ax,z)\— I pr{y,z)drm{z)dz 



Atn Jq 



As 



+00 the measure J^*" Pr{y, z) drm{z) dz converges weakly to Sy. Us- 
ing the weak continuity of bridge probabilities (proposition II. 4p we get that (|2.6p 
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converges to 

^i^y {F{{X,)„<,<t))pt{x,y)dt 

□ 

Proposition 12.11 also holds in case of a Markov jump processes on a graph, 
where the local time is replaced by the occupation time in a vertex dived by its 
weight. Proposition 12.11 shows that we can consider /i^'^ as a measure on paths 
{"tit))o<t<T(-f) endowed with continuous occupation densities {it{"f))zei,o<t<T{-y)- 
Next we state several properties that follow almost immediately either from the 
definition 1 or proposition [5TlJ 

Property 2.2. • (i) The total mass of the measure fi^'^ is finite if and only 

if X is transient and then it equals G{x,y). 

• (ii) The measure /i^'^ is image of the measure fi^'^ by time reversal. 

• (Hi) If I is an open subinterval of I then 

• (iv) If k is a positive Radon measure on I then 

Mr!fc(^7) = exp jt{^)m{z)~k{dz)^ ^^'"(^7) 

• (v) If A is a change of scale function then 

A{x),A{y) _ o„„l„^ ii^^y 

• (vi) If V is a positive continuous function on I then for the time changed 
diffusion of generator ^L: 

x,y c* J x,y 

LI i" = bpeedv*Ur 

d^h 

• (vii) If h is a positive continuous function on I such that j is a signed 
measure and Lu is a negative measure then 

Previous equalities depend on a particular choice of the speed measure for the 
modified generator. For (iv) we keep the measure m(y) dy. For (iii) we restrict 

m(y)dy to /. For (v) we choose ( — o ) moA^^da. For (vi) we choose 

\dx ) 

^ m{y) dy. For (vii) we choose h{y)^m{y) dy. Property (ii) follows from that 

Pt{x,y) —pt{y,x) and P^^xi') is the image of P^^j^(-) by time reversal. Property 
(vi) is not immediate from definition 1 because fixed times are transformed by time 
change in random times, but follows from proposition 12.11 Property (vii) follows 
from that an h-transform does not change bridge probability measures and changes 
the semi-group {pt{x,y)m{y) dy)t>Q^xei to {:^pt{x,y)u{y)m{y) dy)t>o,x€i ■ 
Next we state different representations for tlie measures /i^'^ 

Property 2.3. • (i) Assume k^Q. LetVx{-) be the law of {Xt)o<t<( where 

X{0) = 0. Then 

fi-^'yi-)m{y)k{dy) = Ix killed by k^xi') 

yei 
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(ii) Assume that X is transient. Then x) l^^''^ ^'^^ of X , starting 

from X{Q) — x, up to the last time it visits x. Qj^^-y^f^^'^ 'is the law of X , 
starting from X{0) = x, conditioned to visit y before C, up to the last time 
it visits y. 

(Hi) Let X and X he two independent Markovian paths of generator L 
starting from X{0) ~ x and X{0) = y. For a < x A y, we introduce Ta 
and Ta the first time X respectively X hits a. Let F'^" be the law of X up 
to time Ta, conditioned by the event Ta < C- IPy" ^£ analogue for 
X. LetPy"^^ be the image o/P^° through time reversal and¥'^" oP^"^ the 

image of P'^" (X) P^°^ through concatenation at a of two paths, one ending 
and the other starting in a. Then 

= / Px(ra < CWyiTa < C) (Px" < P^"^) (.-Mci) da 

Jael,a<x/\y ^ ' 

Property 12.31 (i) was noticed by Dyiikin in ^ . Properties 12.31 (ii) and (iii) were 
proved by Pitman and Yor in case fc = 0. See [12]. The case fc 7^ can be 
obtained through h-transforms. Indeed, and h-transform does not change the law 
of a diffusion from the first to the last time it visits a point x, and does not change 
the measures P!^°(-). 

Next we study the continuity of (x, y) /z^'^. 

Lemma 2.4. Let J be a compact subinterval of L . Then the family of local times 
of X satisfies: for every e > 



(2.7) lim supPx awpq^AX) > e = 

xeJ \yei ) 

Proof. It is enough to prove it in case the killing measure k is zero because adding a 
killing measure only lowers i'^^^{X). Without loss of generality we may also assume 
that the diffusion is on its natural scale, that is to say w = 2. Then X is just a time 
changed Brownian motion on some open subinterval of R. For a Brownian motion 

{Bt)t>Q (|2.7p is clear. In this case Pj, (^supy^^£^^^{B) > does not depend on x 
and for a given x 



lim P, isup£yiB) >£ =0 



yes. 



Otherwise let 



It := / m{Xs) ds 
Jo 



Then given the time change that transforms X into a Brownian motion B, we have 

iy{x) = eiiB) 

Let J — [xq, Xi]. Let X^in ^ -^^ •^min ^ -^0 <3-nd Xfjiax ^ ^ i •^max ^ -^l- Let 

Tx,„i„,x^ax the first time X hits either Xmin or Xmax- Let s > 0, e > and x (z J. 

If i < then on the event Tx^^^ x^^^ ^ ^, It is less or equal to s. 

So for t small enough 

P, Lyxpi\^AX) >^<Px fsup^^(B) > (r.„.„,._ < t) 

\yei J \yeR J 

But 

p. {Tx^.„,x„^^^ <t)^ Vxo iTx^.„.x„^^, < t)+Px^ (T,„.„,,„„, < t) 

and 

lim supPx (T:,„,„,x„_ <t) = 
t->o+ xeJ 
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Thus 

limsupsupP:, (supl^^^JX) > e ) < P (sup^^(B) > e 
Letting s go to we get (PT7|) . □ 



Proposition 2.5. Let tmax > 0. Let F be a bounded functional on finite life-time 
paths endowed with continuous local times that depends continuously on the path 
(7t)o<t<T(7) o,i^d, on (lx(^)il))xei where we take the topology of uniform convergence 
for the occupation densities on I. On top of that we assume that F is zero if 
T(7) > tfnax- Then the function {x,y) M- ii^'y{F{"f)) is continuous on I x I . 

Proof. If we had assumed that F does only depend on the path regardless to its 
occupation field then the continuity of (x, y) i— >■ /i^'^(F(7)) would just be a conse- 
quence of the continuity of transition densities and of the weak continuity of bridge 
probability measures. For our proof we further assume that L does not contain any 
killing measure. If this is not the case, then we can consider a continuous positive 
L-harmonic function u. Then Conj(u, L) does not contain any killing measure and 
up to a continuous factor u{x)u{y) gives the same measure /^^'^ (property [511] (vii)). 
We will mainly rely on the representation given by proposition 12. II 

Let x,y € I and [xj ,yj)j>o a sequence in / x / converging to {x,y). Without 
loss of generality we assume that {xj)j>Q is increasing. We consider sample paths 

[Xt)Q<t<c, and {x[^^)Q<^t<c,j of the diffusion of generator L starting from x and each 
of Xj, coupled on a same probability space in the following way: First we sample 
X starting from x. Then we sample X^"^ starting from xq. It starts independently 
from X until the first time xf^ = Xt- After that time X*^"^ sticks to X. This two 
paths may never meet if one of them dies to early. If X, X*^"',..., X'^^^ are already 
sampled, we start X*^^"*"^^ from a;j+i independently from the preceding sample paths 
until it meets one of them. After that time sticks to the path it has met. 

Let 

r(^) := M{t > 0\X^/^ = Xt} 

li X'-J^ does not meet X, we set rt-?) = +oo. By construction, {T'-J'^)j >o is a non- 
increasing sequence. Here we use that there is no killing measure. T(^) is equal m 
law to the first time two independent sample paths of the diffusion, one starting 
from X and the other from Xj, meet. Thus the sequence {T^^^)j>Q converges to in 
probability. Since it is decreasing, it converges almost surely to 0. 

We use reduction to absurdity. The sequence (/^^^'^^ (-F(7)))j>o is bounded 
because F is bounded and zero on paths with life-time greater then tmax- As- 
sume that it does not converge to /i^'^(F(7)). Then there is a subsequence that 
converges to a value other than /i^'^(F(7)). We may as well assume that the 
whole sequence it^^^'^^ {F{'j)))j>o converges to a value v ^ (7)). According 

to lemma [131 the sequence ((f^y, (X(^^))2g/)j>o of occupation density functions 
converges in probability to the null function. Thus there is an extracted subse- 
quence (X'^-'"'))2g/)„>o that converges almost surely uniformly to the null 
function. We will show that (/i^^"'*'^" (F(7)))n>o converges to fi^'y{F{j)) and ob- 
tain a contradiction. 

For z e L and Z > let 

t[ ■.= M{t>0\iliX)>l} 

and 

Til :=M{t>0\eKX^'^)>l} 
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Then according to proposition 



F{{Xs)o<s<r!)dl 



F{iXi^\<s<r^])dI 



For any z & I, ii t^i G [T^^\Cj) then rj; = t[, where 

r = z + 4,,,(x)-4,,,(x(^)) 

Along the subset of indices (j„)„>0; tJ^"/ converges to for every / G (0,Z^(X)) 
except possibly the countable set of values of I where I i-> i jumps. For any 



I such that Tp"i converges to rf , the path (-^i"''')g<s<^''jn converges to the path 
{Xs)o<s<tI' ■ Moreover for such I the occupation densities {l^vj^ {X^^"'>))z£i con- 
verge uniformly to (Py(X))^g/. Indeed 

Thus for all I E {0,£^{X)), except possibly countably many, 

lim__ F((X^))o<.<rj^-,) = FiiX,)o<s<rn 



For 71 large enough, = C a-iid (X'^^"-') converges to ^^{X). It follows 

that the following almost sure convergence holds 

(2.8) 

F((Xp"))o<s<rf;i)d;= / F((X,)o<.<rf)d; 



lim 



n— >-+oo 



The left-hand side of (^11) is dominated by ||F||+oo^f;^" ^^c, (-'^^^"^)- In order to 
conclude that the almost sure convergence (j2.8p is also an convergence we need 
only to show that 



(2.9) 



E 







We aheady know that it'Z.^C, (X^^-)) converges almost surely to ^^(X). 



Moreover 



and 



E 



E 



Pt{x,y) 



It follows that the expectations converge. By Scheffe's lemma, the convergence 
(USD holds. 

We have shown that there is always a subsequence (/i"^^" (F(7)))„>o that 
converges to /U^'^(i^(7)) which contradict the convergence of (m"^^'^^ (^(7)))i>o to 
a different value. □ 
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2.3. The measure /i* on unrooted loops. The measure /i^'^ can be seen as a 
measure on the space of rooted loops £. Next we define a natural measure /i^ on 
£* following the pattern 

Definition 2. Let fiL be the following measure on 2,: 

fJ-Lid-f) := [ [ Fl {d-f)ptix,x)m{x)dx^ = [ fi'i;'' {d-y)m{x) dx 
Jt>oJxei t J-[l)Jxei 

fi*]^ 7r*/iL is a measure on £*. 

We will drop the subscript L whenever there is no ambiguity on L. The definition 
2 does not depend on the choice of the speed measure m{x) dx. The measures /i 
and /i* are cr-finite but not finite. They satisfy the following elementary properties: 

Property 2.6. • (i) ^ is invariant by time reversal. 

• (ii) If I is an open subinterval of I then 

flL^j{d-f) - ^^conta^ned^ni^'L{dJ) 

• (Hi) If k is a positive Radon measure on I then 



fJ-L-kidl) = exp y- j^t{-i)m{z)k{dz) ) ^lL{d'y) 
• (iv) If A is a change of scale function then 

t^ScalelL = ScaleA*^J-L 



• (v) If h is a positive continuous function on I such that -j—^ is a signed 
measure and Lu is a negative measure then 

f'Conj{h,L) = Mi 

Same properties hold for ^* . 

The measures /i and fi* contain some information on the diffusion X but the 
invariance by h-transforms (property 12.61 (v)) shows that they do not capture its 
asymptotic behaviour. In the subsection l2.4l we will prove a converse to the property 
propertv l2.6l (v). In our setting, most important examples of h-transforms are: 

• The Bessel 3 process on (0, +oo) is an h-transform of the Brownian motion 
on (0, +oo), killed when hitting 0, through the function x i-^ x. 

• The Brownian motion on R killed with uniform rate k dx (i.e. k constant) 
is an h-transform of the drifted Brownian motion on R with constant drift 
V^, through the function x i— )■ e~^^^. 

In the sequel we will be interested mostly in fi* and not fi. As it will be clear 
from the next propositions, the measure fi* has some nice features that /i does not. 

Proposition 2.7. Let v e [0, 1]. Then shiftv^,fi = /i. In particular 

(2.10) l^ ^ dvshifty^^ 

Proof. For a rooted loop 7 of life-time T^j) we will introduce 71 the path restricted 
to time interval [0,uT(7)] and 72 the path restricted to [vT{'j),T{'j)]. By bridge 
decomposition property, the measure /x(c?7i,d72) equals 

(2.11) / / /Pj;*^(d7i)p(;-"'*(d72)p„t(a;,y)p(i_,),(y,x)m(y)dym(a;)da;^ 

Jt>QJlJl ^ 

In (j2.1ip 71 and 72 play symmetric roles, so changing the order of 71 and 72 does 
not change the measure /i. □ 
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Formula (|2.10p shows that we can get back to the measure fi from the measure 
fi* by cutting the circle parametrizing a loop in £* in a point chosen uniformly on 
this circle, in order to separate the start from the end. 

Corollary 2.8. Let F be a positive measurable functional on £,. Then the map 
7 I— Jq F(shifty{j)) dv is tt^^^Bs,*) -measurable and 

d{Fij)f,) 



F{shift,{^))dv 

|7r-i(Be.) Jo 

Proof. We need only to show that for every F' measurable functional on £*: 
(2.12) I F{^)F'{n{^))^i{d-^)= I f F{shtft,{^))F\TT{^))^i{dj)dv 



From proposition 12 . 71 follows that for every v E [0, 1]: 

(2.13) i^(7)F'(^(7))A*(d7) - ^ F(s/iz/t„(7))F'(7r(7))/x(d7) 
Integrating ([^1^ on [0, 1] leads to ^J^. □ 

The next identity appears in [11| in the setting of Markov jump processes on 
graphs. It can be generalized to a wider class of Markov processes admitting local 
times (see lemma 2.2 in [5]). We will give a short proof that suits our framework. 

Corollary 2.9. Let x e I. Then 

(2.14) r(7)Ai*(d7) = 7r,Ai-^-(d7) 

For I > 0, let ¥J (•) be the law of the sample paths of a diffusion X of generator L, 
started from x, until the time when if{X) hits I, conditioned by < C. Then 

(2.15) 1^ y^s^ts xli*{di) = / vr^Pj {d-f)e-^^ 



Conventionally we set G{x,x) — +oo if X is recurrent. 

Proof. Let e > such that [x — e,x + e] C L. Let T[^_g ,^_^^^]{'^) be the time a loop 
7 spends in [x — e,x + e]. From the identity (|2.10p follows that 



r(7) " ^ T(7) 
and simplifying T('j): 

(2.16) T[.-e,.+e](7)M*(d7) = / ^ 7^.,^i'''idJ)m{z)dz 

J x—e 

Using local times we rewrite (j2.16p as 

/ ;_+;r(7)m(z)dz 1 

XT-e "^W^^ - ^ " Ji^+^rn{z)dz Jx- 



(2.17) ; ii*{d^)^ , ^ , / n,ii^^^{d^)m{z)dz 



Let Eq > such that [x — Eq^x + Eq] C /. Let _F be a continuous bounded functional 
on loops endowed with continuous local times such that F is zero if the life-time of 
the loop exceeds tmax > and if sn'p^^\^^_^^ x+eo\ ^^(7) exceeds Imax- According to 
the proposition 12. 5[ the right-hand side of (|2.17p applied to F converges as e ^ 
to (7r*/i^'^)(i^(7)). By dominated convergence it follows that the left-hand side of 
(j2.17p applied to F converges as e — to 

r(7)i^(7)M*(rf7) 
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Thus we have the equahty 

(2.18) J^^ e{^)F{j)f,*{dj) = {n^fi^niFh)) 

The set of test functionals F that satisfy (|2.18p is large enough to deduce the 
equahty (|2.14p between measures. 
From proposition 12.11 foUows that 

/' + 00 

/^^■^(•) = / Pl'{-)e'^^ dl 
Jo 

Applying (|2.14p to the above disintegration, we get (|2.15p . □ 

Corollary 2.10. Let V be a positive continuous function on I. We consider a time 
change with speed V: ds = V{x)dt. Then 

(2.19) Mj-l ~ Speedv*^J-\ 
Proof. By definition 2 and property 12.21 (vi) : 

1 /"^(t) ^(7(0)) 

Applying corollarv l2.8l we obtain: 

dSpeedy^HL _ \l y'^{n{vT{i))) dv _ ^ 

"^H^ I.-HS..) " Tb)Io^'''V-'hi^))ds " 
This concludes. □ 

In dimension two, the time change covariance of the measure /i* on loops plays 
a key role for the construction of the Conformal Loop Ensembles (CLE) using 
loop soups as in |22| : Let D be an open domain of the complex plane, (-Bt)o<t<c 
the two-dimensional standard Brownian motion in D killed when hitting dD and 
11* the corresponding measure on loops. If / : 13 — > 13 is a conformal map, then 
{f{Bt))o<t<c is a time changed Brownian motion. If we consider fj,* not as a measure 
on loops parametrized by time but a measure on the geometrical drawings of loops, 

then /i* is invariant by the transformation (7(t))o<f<T(7) {f{j{t)))o<t<T{-y)- This 
is proved in |16| . 

Given that n* is invariant through h-transforms and covariant with the change 
of scale and change of time, if A" is a recurrent diffusion, then up to a change of 
scale and time, fi* is the same as for the Brownian motion on R, and if A is a 
transient diffusion, even if the killing measure k is non-zero, then up to a change of 
scale and time, /i* is the same as for the Brownian motion on a bounded interval, 
killed when it hits the boundary. 

2.4. Multiple local times. In this subsection we define the multiple local time 
functional on loops. Corollary 12.91 gives a link between the measure /i* and the 
measures {ii^'^)x£i- Using multiple local time we will get a further relation between 
fj,* and {fi^'y)x,y£i ■ This will allow us to prove a converse to the propertv 12.61 (v): 
two diffusions that have the same measure on unrooted loops are related trough an 
h-transform. 

Definition 3. // (7(i))o<t<T(7) a continuous path in I having a family of local 
times ilti"t))xGi,o<t<T{'y) relatively to the measure m{x)dx, we introduce multiple 
local times pi.^2,---,a;„^^^ for xi, X2, Xn & I: 

,^ I d,,Q{i)duQ{i)...dtX:{i) 

J0<ti<t2<...<t„<T(7) 
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If J € £, and has local times, we introduce circular local times for 7; 



c circular 
permutation 
of {1,2, ...,n} 



£*xi,x2,...,x„ij^j^g invariant under the transformations (s/ii/ti,)„g[o.i], we see it as a 
functional defined on £* . 

Multiple local times of the form P'^' - '^('-y)^ called self intersection local times, 
were studied by Dynkin in |t7J. Circular local times were introduced by Le Jan in 

m- 

Let n S N* and p £ {!,...,«}. Let Shuf flcp^n be the set of permutations a 
of {!,..., n} such that for all i < j E {!,..., p}, a{i) < a{j) and for all i < j G 
{p + 1, ■■■,n}, a{i) < cr{j). Permutations in Shuf flep,n are obtained by shuffling 
two card decks {1, and {p + 1, n}. Let Shuf fle'^ „ be the permutations of 
{1, ...,n} of the form a o c where c is a circular permutation of {p + 1, and 
cr S Shuf flcp^n satisfies a{l) = 1. One can check that 

Property 2.11. For all xi, ...,Xp,Xp+i, ...,Xn £ I: 

• (^) 

^*xt,...,Xpi^^y*Xp+t,...,x,,f^^-^ ^ ^ £^^'(l).---.^<,'(p).^^'(p+l)^---^2;„,,„)j-^-j 

The equality 12.111 (ii) appears in . It is also shown in [llj that for transient 
Markov jump processes: 

(2.20) J r-i^-=---"(7)Ai(d7) = G{xi,X2) X ... x G(x„_i,x„) x G(a;„,xi) 

It turns out that we have more: We consider L a generator of a diffusion on / of 
form (|1.3p . If 7i for i E {1, 2, n — 1} is a continuous path from Xi to x^+i, then we 
can concatenate 71, 72, 7n-i to obtain a continuous path 71 <l72 < ... <l7„_i from 
Xi to a;„. Let /Lt^^'^^ O ... < /i^"-^^^" be the image measure of /i^^'^^ (g) ... /i^"-!'^" 
by this concatenation procedure. 

Proposition 2.12. T/ie following absolute continuity relationships hold: 

• (i) <] ... <] /i^"-i'^")(d7) = £^2,...,s;„-i(^)^s;i,^„(rf^) 

• (ii) 7r,(/i^i^^2 <] ... < ^^"-1^^" < /z^"^^i)(d7) = r"=i'"^=--'^"(7)Ai*(d7) 

Proof, (i): Let ((Xt*'')o<t<Ci)o<i<ri-i be 71 — 1 independent diffusions of generator 
L, with X^'^ = Xi. For Z > 0, let 



J :=inf{t, >0|^?;'+^(X«) >Z} 



According to proposition [5111 (/i^^'^^ < ... < /i^""^'^")(F(7)) equals: 
(2.21) _ 



Let (^t)o<t<c be an other diffusion of generator L. Let 

ri, ■.= mi{t>0\lf^iX)>h} 
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and recursively defined: 

Then by strong Markov property. (|2.2ip equals 



(2.22) I 
(I2.22P in turn equals 



1, 



_1<C-^ ( (^*)0<t<Tij, 



dli...dln^ 



(2.23) 



E 



By proposition im (P?^ equals / ^="i- -^"-i(7)i^(7)^^i^^"(d7). 

(ii): According to the identity (i) and corollarv l2.8l we have 
(2.24) 

^*(Ai"i'"^ ^...^A*""-''"" </^""'"0(^^7) = / ^"^'•••'""(s/ii/t,(7))d«7r,^"i'"i(d7) 

Jo 

According to corollarv l2.9l 

£x.,...,x„ {^shift,{^))dv (t^7) (7) / r^'-"" (s/ii/t„(7))dz; Ai* (d7) 

Jo 
But 

ri(7) / r^'--"(s/ii/i,(7))di^ = r^^'"^'-'""(7) 
Jo 

which ends the proof. □ 

The proposition [1321 (ii) implies (g^. 

Proposition 2.13. If L and L' are two generators of diffusions on I of the form 
(|1.3p such that fi*j^ ~ fi*j^,, then there is a positive continuous function h on I such 
d^h 

that -j—^ is a signed measure, Lh a negative measure and L' = Conj{h, L). If the 
diffusion of generator L is recurrent then L' = L. 

Proof. Let m(x) dx be a speed measure for L and m'{x) dx be a speed measure for 
L' . First let's assume that both L and L' are generators of transient diffusions. Let 
{G{x,y))x,yei be the Green's function of L relatively to the measure m{x)dx and 
{G' {x,y))x,y(£i be the Green's function of L' relatively to the measure m'{x)dx. 
Applying the identity (PT^ to J^, r^'2'(7)/i*(d7) we get that for aU x,y € I: 

(2.25) G'{x, y)G'iy, x)m\x)m\y) = G(x, y)Giy, x)m(x)m(2/) 

and for all x,y, z € I: 
(2.26) 

G' [x, y)G' {y, z)G'{z, x)m' {x)m' {y)m' (z) = G{x, y)G{y, z)G{z, x)m{x)m{y)m{z) 



Fix a;o G I- Let h be 



h is positive and continuous. 



h{x) 
1 

h{xj 



G'{xQ,x)m'{x) 
G{xq, x)m{x) 

G{x,y)h{y)m{y) equals: 



(2.27) 



G{xq,x)G{x, y)G{y, xo)m{xa)m{x)m{y) 
G'{xo, x)G'(x, y)G'{y, xo)m' {xQ)m' {x)m' (y) 

^ G'jxp, y)G'{y, xo)m' {xo)m' (y) 
G{xo,y)G{y, xo)m{xo)m{y) 



X G'{x,y)m'{y) 
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Applying (P?^ and (P?^ to ^^^T7\ we get that 

(2.28) TT^Gix, y)h{y)m{y) = G'{x, y)m' {y) 

n(x) 

Applying (|2.28p once to {x, y) and once do (x, x) we get that 

G'{x,y) G{y,y) 



(2.29) h{y) = h{x)' 



Gix,y) G'{y,y) 



(fh __ 
From (|2.29p we deduce that -—r is a signed measure. From (|2.28p we deduce that 

ax_ ^ 

L' = Gonj{h, L). —Lh is the killing measure of L' and is positive. 

If we no longer assume that L and L' generate transient diffusions then consider 
A > 0. Then iJi*i^_x — Ml'-a- According to the above, there is h positive continuous 

function on / such that ——r is a signed measure and 
dx'^ 

L' - A = Conj{h, L-\) = Gonj{h, L) - X 

Then U — Conj{h, L) and necessarily Lh is a negative measure. 

The class of recurrent diffusions is preserved by h-transforms. So if L is the 
generator of a recurrent diffusion then so is V , and thus h is bound to satisfy 
Lh — 0. But since the diffusion of L is recurrent, the only solutions to Lh — are 
constant functions. Thus L' — L. □ 

2.5. A disintegration of /i* induced by the Vervaat's transformation. By 

conditioning the measure /i by the life-time of loops we get a sum of bridge measures. 
Vervaat in [25J shows a relation between Brownian bridges and Brownian excursions. 
We will disintegrate the measure fi* as a measure on the minimal value of the loop 
and its behaviour above this value. We will obtain a sum of excursion measures 
rj-^^. In case of Brownian loops on M this will follow from the Vervaat's bridge 
to excursion transformation. The case of general diffusion will be obtained using 
covariance and invariance of loop measures. 

Vervaat's Transformation. Let (7(s))o<s<t be a random path following the Brow- 
nian bridge probability measure P^j;/ q o(')- Smin '■= argminj. Then the path 

s H- > — min7 + (shift ^min 7)(s) 

has the law of a positive Brownian excursion of life-time t. 

In the sequel if 77 is a measure on paths and a; G M, we will write (x + 77) for the 
image of 77 by 7 i— > a; + 7. 77^^/ will be the Levy-Ito measure on positive Brownian 
excursions and rj^gj^j the probability measure on positive Brownian excursions of 
duration t. Given a continuous loop (7t)o<t<T(7) to the first time 7 hits min7, 
let V(7) be the transformation shift t„ . V is /B^-measurable. 

Proposition 2.14. Let ^i*BM ^e the measure on loops associated to the Brownian 
motion on M. Then: 

(2.30) /isA/(rf7) = 2 / 7r,(a + 77>°,)(d7) da 

The measure on (min7,max7) induced by is la<b{i>'-a)^^ dxdy. Let a <b G 

R and p, p two independent Bessel 3 processes starting from 0. Let Ti,-a o,nd T^-a 
be the first times p respectively p hit b — a. Let (/3t)o<t<Tb +fi path 



a + pt if t < Tb- 
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Then the law of (/?t)o<t<T6 +f[, probability measure obtained by condition- 

ing the measure fJ-gj^.j by (min7,inax7) — (a, 6). 

Proof. For the Brownian motion on M, iibai writes 

JxmJt>o y l-Kt'' 

Let x(a) da be the law of the minimum of the bridge under P^^/ q o- -'^PP'^yi'^S the 
Vervaat's transformation, we get that 

(2.31) Kmbm(-)-/ / {\ X{x~a)dx\{a + 'n>lj^,)(-)^=da 

JaeV.Jt>0 \Jx>a J \l l-Kt-^ 

Since /^^^^ x(a; ~ a)dx = 1, the right-hand side of (|2.3ip equals 

(a + '7t^BM)(-)^==c^a 
aeR"'t>o v27rr'^ 

But 

(« + '7*>^M)(-)^-2(a + r;>5,)(.) 

't>0 \l l-Kt^ 

The equality (|2.30p follows. The rest of the proposition 12.141 is a consequence of 
the William's representation of Brownian excursions. □ 

Corollary 2.15. Let I be an open interval o/R and A > 0. Let L be the genera- 
1 

tor — X on I with zero Dirichlet boundary conditions and pL* the associated 

measure on loops. Given a loop (7(i))o<t<T(7); ^^op 
R{l) ■= (max 7 + min7 - l{t))o<t<T{y) 

that is the image of 7 through reflection relatively to — . Then 

Proof. It is enough to prove this in case A = and I — W. Otherwise we multiply 
the measure /it^jvf ^ density function that is left invariant by R. Then we use 
the description of the measure conditioned by the value of (min7, max7) and 
the fact that if a > 0, {pt)t> is a Bessel 3 process starting from and is the 
first time it hits 6, then [y — pTh~t)o<t<T,, has the same law as {pt)o<t<Tt (see j20) . 
chapter VII, §4). " " ' ~ D 

Now we consider that L is a generator of a diffusion on / of form p.3p . Given a 
point xq G I, u~^'^° and u~'^° will be the L-harmonic functions satisfying the initial 

du+'^o du~'^° 

conditions u'^'^"(xo) — u^''^^'(xo) — 0, — ; (a;^) = 1 and — ; (x^) — —1. If 

dx dx 

X < y E I then 

(2.32) w{y)u-'y{x) =w{x)u+'''{y) 

Indeed, the Wronskian W^(m^^^, m+'^) takes in x the value u~^y{x) and in y the 

value M+'^(2/), and the ratio — -— iy(u^'^, u+'^)(z) is constant. If = 0, then the 

w{z) 

both sides of (I2.32p equal w{z) dz. is positive on /n {xo,+oo) and u~'^° 

is positive on ID (—00, xq). Let L^'^" be Coni{u^''-^° ,L) restricted to /n (xq, +00) 
and L~'^° be Conj{u~'^° , L) restricted to / n (— oo,xo). L+'^o and L~'^° are 
generators of transient diffusions without killing measures. If L is the generator of 
the Brownian motion on R, then L+'° is just the generator of a Bessel 3 process. 
In general case, xq is an entrance boundary for L^-'^° and L~'^°, that is to say a 
diffusion started from x ^ xq will never reach the boundary at xq, and we can also 
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start this diffusions at the boundary point xo, in which case it will be immediately 
repelled away from xq. Let x G / and {pt'^)o<t<c+-''^ be a diffusion of generator 
1/+'^ starting from x. Let y ^ I, y > x. Let T^''^ be the first time hits 
y and T^^^ the last time it visits y. Then (p^+^i.^j)o<t<,^+.x_f is a diffusion 
of generator L+'^ starting from y. Let (Pt~'*')o<t<c~'i' ^ diffusion of generator 
starting from y and T"'^ the first time it hits x. Then (Pt^'^)o<t<T+''" ^■"^'^ 
{pZ-^y )o<t<T^" ^''^ equal in law: Indeed let C be the constant 

w{z) 



C = 



w{u-'y,u+'^){z) 

The Green's operator of p+'^ killed in y is 



y 



and the Green's operator of p^'^ killed in x is 

{{-L-y^^)-^f)[x') = C / u+^^{x' A 2/')^^-'^(^' V y')—^m{y') dy' 
Jx u ' yx } 

The potential measure of {p^'^)^^^^rp+,x starting from x is 

U{x')dx' = Cu+'''{x')u-'y{x')m{x')dx' 

and for any /, g bounded functions on (x, y) 
(2.33) 

'((-L+;^^P-V)(2;').9(^')t^(^')d^'= r f{x'){{-L-;l^^r'g){x')U{x')dx' 

The time reversal property for (p^'^)p^j^^+,x follows from the duality relation 
(|2.33p . See [201 1 chapter VII, §4 for details on time reversal. 

Corollary 2.16. If L is a generator of a diffusion on I of form (|1.3p . then 

(2.34) P-*i-)^ [ T:*rj>''{-)w{a)da 

, . \ 7 , , * 1 dadh 

ihe measure on (mm 7, max 7) induced by /i is la<b(=7— - — 7-r r^^- i^s-t a < 

u+^°-[h)u ■{a) 

b E I. Let {p^'°')o<t<c+''^ 0,'"^'^ {p7'^)o<t<c-''' be two independent diffusion, the first 
of generator starting from a and the second of generator L^'^ starting from 

b. Let J'+'" be the first time p'^'"' hits b and T^''' the first time p^'^ hits a. Let 
(/3t)g^j^j,+.a_|_y-.b be the path 

„ _ { 1 < T+-^ 



b 



Then the law of{f3t)n<:t the probability measure obtained by condition- 

ing the measure p* by (min7,max7) ~ (a, 6). 

Proof. Both sides of (|2.34p are covariant by scale and time change. Moreover both 
sides satisfy the propertv l2.6l (ii) for the restriction to a subinterval and the property 
12.61 (iii) when adding a killing measure. 

Regarding the description of the measure on (min7, max 7) and the probabilities 
obtained after conditioning by (min7,max7) = (a, 5), if L is a generator without 
killing measure (fc = 0), then the result follows through a change of scale and time 
from the analogous description in proposition 12.141 If A; 7^ 0, then we can take 



POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL DIFFUSIONS 



27 



u a positive i-harmonic function and deduce the result for L from the result for 
Conj{u, L) using the fact that /i^ = t^conj(u l)- '— ' 

The relation between the measure on loops and the excursions measures in di- 
mension 1 (identity (|2.34p ) is analogous to the relation between the measure on 
Brownian loops and the so called bubble measures observed by Lawler and Werner 
in dimension 2. See propositions 7 and 8 in |16| . 

2.6. A generalization of the Vervaat's transformation. In this subsection we 
will show a conditioned version of the Vervaat's transformation that holds for any 
one-dimensional diffusion of form (|1.3p and not just for the Brownian motion. L 
will be a generator of a diffusion on / of form (|1.3p . From corollarv l2.9l and identity 
(I2.34P follows that for every x G I: 

(2.35) [ V,Pi,^id-f)ptix,x)dt^ j i^{-f)r]>''{d-f)w{a)da 

Jt>0 Jael,a<x 

Let xi^ll niiii7 — a) be the bridge probability measure condition by the value 
of the minimum to equal a. Further we will show that there is a version that 
depends continuously on (a, t). Let r]^'^ the probability measure obtained from ij-^'^ 
by conditioning the excursion to have a life-time t. The identity (j2.35p suggests the 
following: 

Proposition 2.17. For every a < x E I and t > 

(2.36) V.FlMll -in7 = «) = ^^^j^^^^^^ 
The distribution of min 7 under ^ equals 

(o-,7^ ( \ >-(p-i ^ v>''iT{j)e{t,t + dt)) 

(2.37) wiaH da 

where - — - — ^ ^ — — — ^— is the density of the measure on the life-time of the 
dt 

ifMrj^'^idj) 

excursion induced by Given an excursion 7 following the law — — , 

the local time in x is a measure on {s G [0,t]|7(s) = x}. The transformation V 

sends the starting point of the bridge to a point s £ [0, t] distributed conditionally 

• ^- c;,£g(7) 

on the excursion 7 according the measure — — — . 

^f(7) 

Identities (I2.36P and (I2.37P can be viewed as a conditioned analogue of the Ver- 
vaat's relation between the Brownian bridge and the Brownian excursion. The 
latter can be deduced from (|2.36l) and (j2.37p using the translation invariance of 
the Brownian motion. From (|2.35p we can only deduce that (|2.36p and (j2.37p hold 
for Lebesgue almost all t and a. We need to show the weak continuity in (a, t) 
of conditioned bridge probabilities and biased conditioned excursion probabilities 
to conclude. It is enough to prove the proposition 12.171 for L not containing any 
killing measure and such that for all a < x G /, a diffusion starting from x reaches 
a almost surely. Indeed, for a general generator, Conj{u^, L) does satisfy the above 
constraints and if the proposition 12.171 is true for Conj(u^, L) then it is also for 
L. From now on we assume that L satisfies the above constraints. Next we give a 
more "constructive" description of the conditioned bridges and biased conditioned 
excursions. We start with bridges. 

Propertv l2.3l fiii) shows that the measure P!^" ^ conditioned onTa + Ta = t 
is a version of P^^((i7|min7 = a). Let p^f°'\x,y) be the transition density on 
/ n (a, +00) relatively to m{y) dy of the semi-group generated by i|/n(a,+oo)- 

Then 
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pf\x,a+) = 0. According to ll7j, for aW t > y ^ pf\x,y) is Let 
d2p[°'\x,y) be the derivative relatively to y. It has a positive limit d2p['^\x,a'^) 
as y — > a+. Extended in this way, the map {t,x,y) i~> d2pf^{x^y) is continuous on 
(0 + oo) X / n (a, +00) X / n [a, +00). The distribution of Ta under is (see [21]): 

w{a) 

Let Pi°y* be the bridge probabihty measures of i|/n(Q,+oo)- It ha-s a weak limit 
^^xa+ as ?/ — > a+. Let Ts be the sigma-algebra generated by the restriction of a 
continuous path to the time interval [0,s]. Let P^'° be the law of starting 
from a. For all s G (0, i) we have the following absolute continuity relations: 

and for the time reversed bridge 

^^P^''^ 92pi'^^(a;,a+) 
Using the absolute continuity relation (12.381) and (|2.39p one can prove in a similar 
way as in proposition 11.41 that the map (t, y) i— > P^''^^ is continuous for the weak 
topology. The measure Pj" disintegrates as follows 

(2.40) pT.(.)^ 1 j pW-*(.)a2pi")(:,,a+)dt 

From the property 12.31 (iii) and (I2.40p we get that 
Property 2.18. The distribution o/min7 under ^ is 

(2.41) ^ f d2p[''\x,a+)d2P^^}Ax,a+)ds 



w{a)pt{x,x) Jo 

There is a version o/P^ xi'^ll miii7 — 1) that disintegrates as 

lo K"!': ^P^r^^) idl)d2pi''\x,a+)d2p[''lix,a+)ds 



(2.42) 



Jo d2pi°'^ {x, a+)d2p['^s{x, a+) ds 



Next we show that the probability measure given by (|2.42p depends continuously 
on (a, t). 

Lemma 2.19. The functions (x,a,t) 1— pj"'' (a;, a"*") and (x,a,t) i— )■ d2p^f'\x,a~^) 
are continuous on {(x,a)\x > a £ 1} x (0,+oo). 

Proof. As in [T7], we can use the eigendifferential expansion of L to express p^"'' (x, a+) 

and d2p[°'\x, a"*"). Let xo- For A G M consider ei(-, A) and e2(-, A) two solutions to 

Lu + Au = with initial conditions 

Oci Qe2 
ei(a::o,A) = l — (a;o,A)=0 e2(a::o,A) = — (xo,A) = l 

Let e(a;,A) be the 2-vector whose entries are ei(a;, A) and 62(2;, A). According to 
theorems 3.2 and 4.3 in [T7], for all a e / there is a Radon measure f(°) on ("00,0] 
with values in the space of 2 x 2 symmetric positive semi-definite matrices such that 
for all a; G / n (a, +00) 

^0 

p^"' {x, a+)= e'^\{x, A)f('^' (dA)e(a, A) 
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Let X > a £ I . Consider a two sequences (a;„)„>o and (a„)„>o in / H (—00, a;) 
converging to x respectively a such that for all n > 0, x„ > a„. Let {bj)j>o be an 
increasing sequence in /H (x, sup /) converging to sup /. Let fn,j be the 2 x 2-matrix 
valued measure on (— oo,0] corresponding to the eigendifferential expansion of L 
restricted to (a„,&j). f„j- charges only a discrete set of atoms. As shown in the 
proof of theorem 3.2 in [T7], the total mass of the measures 1 A |A|^^||f„j|j(dA), 
1 A |A|"2||f(°")||(dA) and 1 A |A|-2||f('^)||(dA) is uniformly bounded. Moreover for a 
fixed n, as j — >■ +00, 1 A |A|~^f„j (dA) converges vaguely, that is against continuous 
functions vanishing at infinity, to the measure 1 A \X\~^j^°-"'' (dX). Moreover, for any 
increasing integer-valued sequence (j„)„>o converging to +00, 1 A |A|^^f„.j^ (dA) 
converges vaguely as n ^ +00 to 1 A |A|~^f^°)(dA). Since the sequence {jn)n>o 
is arbitrary, this implies that 1 A \X\~^f''°'"\dX) converges vaguely as n — -foo to 
lA |A|-2fW(dA). 

There are constants C, c' > such that for all A < and n > 

(2.43) ||e(x„,A)|| < Ce^'VW ||e(a„,A)|| < Ce^'VW |||^(a„,A)|| < Ce^'VW 

Let t > and (t„)„>o a sequence of times converging to t. From (12.431) follows that 
lim sup|Ape*"^||e(a;„,A)|| x ||e(a„,A)|| =0 

A-i.-oo „>o 

A i-^- 1 V jApe*""^ (e(a;„, A), dc{an, A)) vanishes at infinity an converges uniformly on 
(—00,0] to A i-^- IV jApe*'*' (e(a;. A), e(a. A)). The vague convergence of measures 
implies that 

lim / e*"^Te(a;^^A)f("")(dA)e(a„,A) = / e*^\{x,\)f''\dX)t{a,X) 



— 00 



Similarly 92Pf^"''(a^n, in ) converges to d2pf\x,a^). □ 
Lemma 2.20. The map a i— >■ P^'"^ is weakly continuous. 

Proof. Let oo G /. Consider the process {p^'°'°)t>o following the law Pq '"". For 



fa+t- 

on / n (flQ, +00) and thus the laws depend weakly continuously on a. □ 



a e / n (ao,+oo), let Ta be the last time p+'°o visits a. Then {p^'°^^)t>o follows 
the law Pj'". The process valued map a H> (pJ''^°j)t>o is almost surely continuous 



Proposition 2.21. The version 0/ P^ ^,(^7! min7 — a) given by (|2.42p is weakly 
continuous in {a,t). 

Proof. From the absolute continuity relations (|2.38p for the bridge P^";^'! and p.39p 
for its time reversal, together with the continuity of the densities which follows from 
lemma 191 and the weak continuity of a i— ^ Pj'": we can deduce in a very similar 
way as in proposition 11.41 that the map (a, t) i— )■ P^"^+ is weakly continuous on 

(0, +00) X If] (—00, a;) and hence (a, s, t) t-^ <1 is weakly continuous. 

Finally the densities that appear in expression (|2.42p are continuous with respect 
to (a, s, t). □ 

Next we will describe the measure 77^". 92Pt"^ [x, a+) is relatively to x and the 
derivative di^2Pt^\x,a^) has a positive limit di^2Pt^\o-^ , o-^) as y — > a+. Moreover 
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(a+,a+) is continuous. The measure on the hfe-time of the excursion 
induced by ij^^ is (see [21j): 

Let s G [0,t]. The measure 'rif°'{-) disintegrates as (see |21|): 

(2.44) / fpf'^^r < V^^K"') 

For every si < S2 G [0, s], under the bridge measure 

(2.45) r 



si ^(2/,z) 



and under the bridge measure P|^''^+: 



(2.46) - = /" ''■"'f'.y-'':'''"' ^,^ 

Combining (j2.44p and (|2.46p we get that for every si < S2 G [0, s\: 

"'si di,2Pt [a+,a+) 

Proposition 2.22. Let Fi and F2 be two non-negative measurable functional on 
the paths with variable life-time. Then 



vr F^iijir))o<r<s)F2ii^is + r))o<r<t-s)dJ^M = 







(2.48) / pr:ar(^i)n:a: (j-2) r ia^: 



Oi,2Pt '{a+,a+) 



(a),sA.^ ■.^ia),t-s,-r, ,d2P^f^ {x, a+)d2P^t-s{x , a+) 

(2.49) ^n7)^r(d7)- r(p(y <p(';)-r-)(d^) '— .--.-^ .-^^..-..-.^ 



/n particular 



d2pi''\x, a+)d2P^t-s{x, a+) 



5i,2pi"^(a+,a+) 

Proof. It is enough to prove the result in case i^i and F2 are non-negative, continu- 
ous and bounded. On top of that we may assume that there are Smin < Smax & (0, t) 
such that Fi respectively F2 takes value if the life-time of a path is smaller than 
Smin respectively t — Smax, and that there is C € I , C > a, such that Fi and 
F2 take value if max7 > C. For j < n e N set As„ := -^{smax — Smin) and 
Sj^n '■= Smin +iAs„. Then almost surely 

/ Fi((7(r))o<.<.)F2((7(.s + r))o<.<t-.)4^:(7) = 
Jo 

(2.50) 



n-l 

n— >-|-oo 



^}^fJlPMr))o<r<s,jrs,^,Jl) ~ tlJl))F2{{l{s,+,,n + r))o<.<t-.,^,, J 
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Moreover the right-hand side of (|2.50p is dominated by (7)||i^i||oo||-p2||oo- Thus 
the jyf "^-expectation converges too. Applying (|2.44p and (|2.45p we get 

i'^I+^'"^i^i)Fi'^^V*"'^'^'- {F2)qn{r, y, z) m{y)dy m{z)dz dr 
where 

f ^ 92pi'',liy,a+)d2p'i"X^,Jz,a+) 
qn{r,y,z) = p\. >{y,x)p\'^^_^{x,z) 

di,2Pt (a+,a+) 

The measure lj,,2>ae/,-r — /o^"" Qn{i",y, z) dr dy dz converges weakly as n — > +00 

to S(^x :^y The maps {s,y) n- d2pi°'\x , a'^ ) and {s,y) M- p[°)'^'" (.) are continuous. 
Moreover d2pi°j\{y,a'^)d2p['^g.^^ ^(z,a+) is uniformly bounded for j < n G N and 
y,z ^ {a,C]. All this ensures that the r^j-^^-expectation of the right-hand side of 
(|2.50p converges a,s n +00 to the right-hand side of (I2.48p . □ 

Now we need only to match the preceding descriptions to prove proposition 12 . 1 7l 
f^U^ and l^U^ imply ([^^ and (piiT)) imply The fact that the 

dsi^'h) 

point where the excursion is split is distributed according to ^ follows from 

2.7. Restricting loops to a discrete subset. Let L be the generator of a diffu- 
sion on / of form p.3p and {Xt)o<t<(; be the corresponding diffusion. Let J be a 
countable discrete subset of /. A Markov jump process to the nearest neighbours 
on J is naturally embedded in the diffusion X. In this subsection we will show 
that, given any x,y € J, the image of the measure fjf^^ through the restriction 
application that sends a sample paths of the diffusion {Xt)o<t<c to a sample path 
of a Markov jump process on JJ is a measure on JJ-valued paths that follows the 
pattern (j2.2[l . From this we will deduce that the image of the measure /i^ through 
the restriction to J is a measure on J-valued loops following the pattern (j2.ip and 
which was studied in [llj. This property will be used in section [3.21 to express the 
law of finite-dimensional marginals of the occupation field of a Possonian ensemble 
of intensity a/i^ . 

For a continuous path (7(i))o<t<T(7) iii endowed with continuous local times, 

let 

For s > 0, we introduce the stopping time 

r!h) :=.inf{t>0|I^(7)>4 
We write 7-'' for the path (7('''f ))o<s<xJ (7) J- Let mj be the measure 

The occupation measure of 7''' is 

^^^(7)m(x)5, 

and (P(7))a;eJi are also occupation densities of the restricted path 7^ relatively to 
mj. 



32 



POISSONIAN ENSEMBLES OF LOOPS OF ONE-DIMENSIONAL DIFFUSIONS 



The restricted diffusion is a Markov jump process to nearest neighbours on 
J, potentially with killing. If < x\ are two consecutive points in J, the jump 

rate from xq to x\ is — - — r — - — r-— - — - — r- and the jump rate from x\ to xq is 

— -. — r — 7 — -. — r. If xq < x\ < X2 are three consecutive points in J, then the 

m(xi)w[xi) u '^^(xo) 

rate of killing while in a;i is 

1 /' W{u'''='\u+'='«){xi) I 1 \ 

m{xi)w{xi) \ u~'^^{xi)u+''^<>{xi) u^'^^{xo) u+^^i(x2)/ 

If J has a minimum a^o and xi is the second lowest point in J, then the killing rate 
while in xq is 

1 / W{u---\u^){xo) _ 1 \ 

m{xo)w{xo) \ u-'=^i(xo)-u^(xo) 

An analogous expression holds for the killing rate while in a possible maximum of J. 

is transient if and only ii X is. Let Ltj be the generator of X^. Lj is symmetric 
relatively to mj. Its Green's function relatively to mj is {G{x,y))x,yei, that is the 
restriction of the Green's function of L to J x J. X^ may not be conservative even if 
the diffusion X is. In case if J is not finite, X^ may blow up performing an infinite 
number of jumps in finite time. Measures {^^'^)j;^y^j, fi^ and /xj, have discrete 
space analogues {ii£^)x.y£j, HLj and n}^^ as defined in [Tl], that follow the patterns 
(1^ and (lO) . 

Proposition 2.23. Let x,y £ IS- Then •f •f^ transforms /i^'^ in Ml^ ^^d /i^ in 

Proof. The representation (|2.3p also holds for fi^'^ ■ For ^ > 0, let 

rf inf{i > 0\£UX) > 1} 

and 

rf := inf{s > 0\£UX^) > 1} 
Then for any non-negative measurable functional F 

r+oo 

Mlf(J^(7)) = / dlE^ 
Jo 

But {Xs)Q^g^^y-i is the image of {Xt)o<t<T^ by the map 7 h->- 7-'' and rf'^ < if 
and only if < C. Thus /i^'^ is the image of /i^'^ through the restriction on path 
to JJ. The second part of the proposition can be deduced from that for any x Cz I 

and as noticed in [IT] 

^^(7)Ml,(rf7') = ^*MLf(rf7') 

□ 

Previous restriction property and the time-change covariance of /i* (corollary 
I2.10p can be treated in a unified framework of the time change by the inverse of a 
continuous additive functional. This is done in [9], section 7. 



'^Ty-''<xl^ii^s)o<s<ryj) 
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2.8. Measure on loops associated to a "generator" with creation of mass. 

We can further extend the definition of the measures /i^'^ on paths and fi and /i* on 
loops to the case of L being a "generator" on I containing a creation of mass term as 
m ([1121) . Doing so will enable us to emphasize further the h-transform invariance 
of the measure on loops and will be useful in section [22] to compute the exponential 
moments of the occupation field of Poissonian ensembles of Markov loops. Let i/ 

be signed measure on /. Let L'^^^ := — r^-r- ( — rT"7" I ^^"^ ^ •= + ^• 

m(x) ax \'w(x) ax J 

Definition 4. • fi^^{d-f) := exp (/^ F{j)m{x) v{dx)) /i^'(o) {d'y) 

• tiLid'i) := cx.p (Jj F {■j)m{x) iy{dx)) ^ii^(o}{d-f) 

• nl ^^.^.^IL 

Definition 4 is consistent with properties 12.21 (iv) and 12.61 (iii) . If i> is any other 
signed measure on I, then 

(2.51) f^lUdl) ■■= exp Fh)m{x) D{dx)^ ^^'"(^7) 

Same holds for fi and fi* . Under the extended definition, the measures fi^'^ still 
satisfy properties 12.21 fii). (iii), (v) and (vi). Proposition 12.51 remains true. ^ still 
satisfies properties 12. 61 fi). (ii) and (iv). Proposition l2.7l and corollarv l2.8l still hold. 
The identities (j2.14p and (j2.19p remain true for fi* . Concerning the h-transforms, 
we have: 

d^h 

Proposition 2.24. Let h be a continuous positive function on I such that 

dx-^ 

is a signed measure, h^mdx is a speed measure for Conj{h, L). Then for all 

x,y € I, lJ'Conj{h,L) = h{x)h{y) ^'^^ ' "'^^ l^Conj(h,L) = Mi- Convcrscly, if L and 

L' are two "generators " with or without creation of mass such that pL^ — pLL' then 

d^h 

there is a positive continuous function h on I such that -^—^ is a signed measure 
and L' — Conj(h, L). 

Proof. There is a positive Radon measure A; on / such that both L ~ k and 
Conj{h, L) — k are generators of (killed) diffusions. But 

Conj(h, L) — k — Conj(h, L — k) 

It follows that = h{x)h{yf L-~k ^'^'l I'conKKD-k = l^L-k' Applying 

(j2.5ip we get the result. 

If pLL = hl', we can again consider k a positive Radon measure on / such that 
both L — k and L' — k are generators of (killed) diffusions. Then according to 

proposition 1 2 . 1 3l there is a positive continuous function h on I such that -—r is a 

dx'^ 

signed measure and L' — k = Conj{h, L — k). Then L' ~ Conj{h, L). □ 

Similarly to the case of generators of diffusions (subsection [53]), one can consider 
L-harmonic functions u~'^ and u"*"'^ in case of L containing creation of mass. If 
L G D+, then it~'^ respectively is not necessarily positive on J n (— oo,x) 
respectively /n (x, +oo). Let 

M{x) := sup{2/ e I,y> a;|Vz € {x,y), u+'^(z) > 0} G /U {sup/} 

If L e 2)"'^ then for all x e I, M{x) = sup/. Let y e I, y > x. If y < M{x), then 
L\(x,y) e If y = M{x), then i|(x.y) e 35"- If 2/ > M{x), then G 2)+. The 
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diffusion of generator = -^[(i\f(2:))) defined on {x,M{x)). 

Similarly for p^^y. Moreover if If M{x) £ I, then = ^i(x^M{l))- 

If i G T)'^'^ , the description of the measure on (min7,max7) induced by /i* 
as well as of the probability measures obtained by conditioning /i* by the value 
of (min7,max7) is the same as given by corollary 12.161 with the same formal 
expressions. Next we state what happens if L G £)+: 

Proposition 2.25. Let L G The measure on (min7,max7) induced by /i* 

dadb 

and restricted to the set {a G /, & G {a,M{a))} is laei,be(a,M(a)) rr^- 

If a < b < M{a), then the probability measure obtained through conditioning by 
(min7,max7) = (a, 6) has the same description as in corollary \2.1b\ Outside the 
set {a € I,b € (a, M(o))}, the measure on (min7,max7) is not locally finite. That 
is to say that, if a <b £ I and b > M{a), then for all e > 0. 

(2.52) p*{{mmj G (a, a + e), max7 G {b — e, b)}) = +oo 

Proof. For the behaviour on {a G /, 5 G (a, M(a))}: There is a countable collection 
{Ij)j>o of open subintervals of / such that 

{a G /,6 G (a,M(a))} = |J{a:: < y G Ij} 

Since for all j, L^j. G S'^'^, coroUarv 1 2 . 1 61 applies to Combining the descrip- 

tions on different {a < 6 G Ij}, we get the description on {a G /, & G (a, M(a))}. 
For the behaviour outside {a G /, 6 G (a, M(a))}: Let A < B eR. Then 

(2.53) MBM({min7 < A,max7 > B}) = / / — = +oo 

If a < 6 G / and AI[a) = b, then la<-y<blJ-* is the image of /i^^,/ through a change 
of scale and time. In this case (|2.52p follows from (|2.53p . If 6 > M{a), then 
^|(a,fc) S 2)^- According to proposition 11.71 fivl. there is a positive measure Radon 
measure k on {a,b) such that -^^|(a,b) — G 23". From what precedes, (I2.52p holds 
for Moreover, /^l^,^^ > mI,,,,,-^- So ^ holds for a^^^^^ □ 

3. Occupation fields of the Poissonian ensembles of Markov loops 

3.1. Inhomogeneous continuous state branching processes with immigra- 
tion. We will identify the occupation fields of the Poissonian ensembles of Markov 
loops as inhomogeneous continuous state branching processes with immigration. In 
this subsection we give the basic properties of such processes. 

Let / be an open interval of M. We will consider stochastic processes where x G / 
is the evolution variable. We do not call it time because in the sequel it will rather 
represent a space variable. Let (IBa;)a;gR be a standard Brownian motion. Consider 
the following SDE: 



(3.1) dZx — (j{x)'J Zx dMx + b{x)Zx dx 



(3.2) dZx — cr(x)\/ Zx dMx + b{x)Zx dx + c{x) dx 

For our needs we will assume that a is positive and continuous on /, that 6 and 
c are only locally bounded and that c is non negative. In this case existence and 
pathwise uniqueness holds for (13. ip and p.2p (see [20], chapter IX, §3), and Z and 
Z take values in M+. is an absorbing state for Z. 

(13. ip satisfies the branching property: if Z^^^ and Z'^' are two independent 
processes solutions in law to p.ip . defined on / n [xq, +oo), then Z'^^^ + Z'^^ is a 
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solution in law to (|3.ip . If Z and Z are two independent processes, Z solution in 
law to p.ip and Z solution in law to (j3.2p . defined on / n \xq^ +oo), then Z + Z 
is a solution in law to (j3.2p . Solutions to (|3.2p are (inhomogeneous) continuous 
state branching processes with immigration. The branching mechanism is given by 
p.ip and the immigration measure is c(x) dx. The homogeneous case (ct, b and c 
constant) was extensively studied. See [14]. 

The case of inhomogeneous branching without immigration reduces to the ho- 
mogeneous case as follows: Let xq E I and let 



C(a;):=exp -/ biy) dy A{x) -.^ cj{yYC{yY dy 

\ J Xq J Jxo 

If {Zx)xei is a solution to p.ip . then {C{A^^{a))Zj^-i(^a-^)aeA(i) is a solution in law 
to 



dZa = 2yz, 

Let Z he a solution to (13. ip defined on / H [xc+oo), starting at xq with the 
initial condition Z^^ = zq > 0. Then, for A > and x Cz I , x > xq: 



ipixo, X, A) depends continuously on (xq, x, A). If x = then 

(3.3) ■ip{xo,xo,X) = X 
li Xq < xi < X2 € I then 

ip{xQ,X2,X) = V'(a;o,a;i,V'(2;i,a;2, A)) 
■0 satisfies the differential equation 

(3.4) - — (xo, x. A) = — -^^^(a^o, Xf - b{x())i]:{xo, x, X) 
0x0 2 

If b is not continuous, equation p.4p should be understand in the weak sense. If be 
is continuous, then p.4p satisfies the Cauchy-Lipschitz conditions, and ip is uniquely 
determined by p.4p and the initial condition p. 31) . This is also the case even if b 
is not continuous. Indeed, by considering C{x)Zx rather than Zx, that is to say 
C{x) 

considering — — r-V'(a;o, x. A) rather than ^/'(xo, x. A), we get rid of b. 
C{xo) 

Inhomogeneous branching processes are related to the local times of general one- 
dimensional diffusions: 

Proposition 3.1. Let xq I and let {Xt)o<t<c ^6 ^ diffusion on I of generator L 
of form (|1.3p starting from xq . Let zq > and 

t2 :=inf{t>0|CW>^o} 
Then conditionally on rf " < C,, (^^^o (X))^;^/ x>xa ^ solution in law to the SDE: 

Tig ' - 

.c^logw;, 



(3.5) dZ^ = yj2w{x)\J Zx d'&x + 2 ^ ^ (x)Z^ dx 

Proof. If X is the Brownian motion on M, then w = 2 and is constant. In 
this case the assertion is the second Ray-Knight theorem. See [20J, chapter XI, 
§2. The equation p.5p is then the equation of a square of Bessel process. If 
Xmin < and X is the Brownian motion on (xmim +00) killed in Xmin then the 
law of {£^io{X))xei,x>xo conditionally on < ( does not depend on Xmin and is 
the same as in case of the Brownian motion on K. Equation (13. 5p is still satisfied. 

If X is a diffusion on / that satisfies that for all x > a £ /, starting from x, 
X reaches almost surly a, which is equivalent to being constant, then through 
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a change of scale and time X is the Brownian motion on some {xmm, +00) where 
Xmin G [— 00, +00). Time change does not change the local times because we defined 
them relatively to the speed measure. Only the change of scale matters. If S is 

a primitive of w, then conditionally on t^^ < {i^^o ''^^\^))y>^s{xo) ^ square 



of Bessel process. The equation (|3.5p follows from the equation of the square of 
Bessel process by deterministic change of variable dy :— ^w{x) dx. 

Now the general case: let (^t)o<t<c diffusion of generator Conj{ui, L). 

— ^^77 dx is the natural scale measure of X and u \ (x)'^'m(x) dx is its speed measure. 

We assume that both X and X start from xq. The law of X up to the last time it 
visits Xq is the same as for X. Let 



f:=mi\t> 0|C(^) > rrm^o 



1 

Then the law of {£^^0 {X))xei.x>xo conditionally on < ^ is the same as the law 

of {ui{x)'^ £f{X))x^i ,x>xo conditionally on f < (. The factor u^(a;)^ comes from the 
fact that performing an h-transform we change the measure relatively to which the 
local times are defined. For any a < xq £ I, X reaches a a.s. Thus {£f{X))xei^x>xo 
satisfies the SDE 

and {ui{x)'^£^^o{X))xei,x>xo satisfies (j3.5p . □ 

If there is immigration: Let Z be a solution to (|3.2p defined on / n [xo,+oo), 
starting at xq with the initial condition Zxg = zo > 0. Then, for A > and x E I, 

X > Xq: 



(3.6) Ez^^=zo[e = cxp i-zo^{xo,x,X) - j 

V Xo 



'ip{y,x,X)c{y)dy 



3.2. Occupation field. Let L be the generator of a diffusion on / of form (|1.3p . 
Let Ca^L be a Poissonian ensemble of intensity a/i^. £q,l is a random infinite 
countable collection of unrooted loops supported in /. It is sometimes called "loop 



soup". 



Definition 5. The occupation field of Ca.L "is {C^ j^)xei where 

We will drop out the subscript L whenever there is no ambiguity on L. In this 
subsection we will identify the law of {C%)xi£i as an inhomogeneous continuous state 
branching process with immigration. If JJ is a discrete subset of /, then applying 
proposition 12.231 we deduce that {C^)x(£ts is the occupation field of the Poisson 
ensemble of discrete loops of intensity a/i^^. as defined in [llj, chapter 4. This fact 
allows us to apply the results of [IT] in order to describe the finite-dimensional 
marginals of the occupation field. If the diffusion is recurrent, then for all x € /, 
£% = +00 a.s. If the diffusion is transient, then for all x G I, C% < +00 a.s. Next 
we state how does the occupation field behave if we apply various transformations 
on L. 



Property 3.2. Let L be the generator of a transient diffusion. 
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• (i) If A is a change of scale function, then 

aScale\L 

• (ii) If V is a positive continuous function on I, then 

'nx 'nx 

'-a.^L - '-a.L 

• (Hi) If h is a positive continuous function on I such that Lh is a negative 
measure, then 

r^x 

'-'a,Conj{h,L) — /j(a;)2 a,L 

Previous equalities depend on a particular choice of the speed measure for the 

modification of L. For (i) we choose ( — o ) rii o A^^ da. For (ii) we choose 

\dx ) 

^1 ^ m{x) dx. For (ui) we choose h(xYm(x) dx. The fact that £^ conj{h l) 

despite Ca Conj{h.L) = ^a,L comcs from a change of speed measure. 

Next we characterize the finite-dimensional marginals of the occupation field by 
stating the results that appear in [11 , chapter 4. 

Property 3.3. The distribution of C% is 



{Gix,x)r , ( I , ^ 

■ exp -— l;>o dl 



T{a) \ G{x,x) ^ 

Let Xi,X2, ■■■,Xn € / and Ai, A2, A„ > 0. Let {G{x,y))x^y£i he the Green's func- 
tion of L — X]r=i ^i^xi ■ Then 

I det(G(xi,Xj))i<ij<„ \ 



(3.7) E 

The moment E 



exp 




\det{G{xi,Xj))i<ij<r 



C^C^...C^"^ is an a-permanent: 



E 



r-xi r'X2 rx 



If 3 is a discrete subset of I , then {C''^)xi£j, viewed as a stochastic process that 
evolves when x increases, is an inhomogeneous continuous state branching process 
with immigration defined on the discrete set J. In particular, for any Xi < X2 < 
... < Xn e I and p e {1,2,..., n}, (f^S ...^S") and (c'j ,C'j+\ ...C^-^ are 
independent conditionally on . 

Next we show that the processes x ^ parametrized by x S /, where x is 
assumed to increase, is an inhomogeneous branching process with immigration of 
form p.2p . In particular, it has a continuous version and is inhomogeneous Markov. 

Proposition 3.4. (£^)j;g/ has the same finite-dimensional marginals as a solution 
to the stochastic differential equation 

,d\og ui 



(3.8) dZx = \/2w{x)y^ Zx dMx + 2 — {x)Zx dx + aw{x) dx 

If L is the generator of a Brownian motion on (0, +cxi) killed when it hits 0, then 
{C^)x>o has the same law as the square of a Bessel process of dimension 2a starting 
from Q at X = Q. If L is the generator of a Brownian motion on {Q,Xmax), killed 
when hitting the boundary, then {C^)o<x<x,Tiai, ^'^^ same law as the square of a 
Bessel bridge of dimension 2a from at x = to at x = Xmax- 
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Proof. Let xq < x E I and Aq, A > 0. Applying the identity (|3.7p to the case of two 
points, we get that 
(3.9) 
E 

Let 



exp (-Ao£S« - \Cl)] = ((1 + XoG{x„,xo)){l + XG{x,x)) - X„\{G{xo,x)f 

( G{xo,xo) 



For y < X, let 



A(xo,Ao) :=E 
■0(y,x, A) := 



yG{xa,xo) + Xo 

G{x,y)G{y,x)X 
G{y,y)iGiy,y) + Xdety,,G) 

G{y,y) 



^^^'"''^ ^="^°HG(y,,) + Adet„.G. 
One can check that the right-hand side of p.9p equals 

A(a;o, Aq + ^(xq, x, A)) exp(-Q;(p(xo, a;, A)) 

In particular for the conditional Laplace transform: 

(3.10) E exp (-A£;!^) \Cl° = exp (^-Cl°Tp{xo,x, A)) exp(-a(p(xo, a;, A)) a.s. 
Moreover 

|||(y,a;,A) = W^(u^,u^)(y)V'(2/,a;, A)^ - ;^^-^^(?/)V'(y, a;, A) 



= w{y)il){y, X, Xf - 2^^^^^(y)V'(2/, x, X) 
ay 

^(y,2:,A) = -M^('u^,M^)(i;)'0(y,x, A) = -w{y)-)p{y,x,X) 



and 



and we have the initial conditions ^(x,x,X) — X and if(x,x,X) = 0. Thus p.lOp 
has the same form as p.6p where c(?/) = aw{y). Let {Zy)y^i^y>xo be a solution to 
p.8p with the initial condition Z^^ being a gamma random variable of parameter a 
with mean aG{xo, xq). It follows from what precedes that {C^°,jC,%) has the same 
law as {Zxg,Zx). Using the conditional independence satisfied by the occupation 
field, we deduce that i^a)yei,y>xo ti^-s the same finite-dimensional marginals as 
{Zy)y(zi_y>xo- Making Xq converge to inf / along a countable subset, we get a 
consistent family of continuous stochastic processes, which induces a continuous 
stochastic process {Zy)y^i defined on whole /. It satisfies p.Sp and has the same 
finite-dimensional marginals as {C^)y^j. 

In case of a Brownian motion in (0, +oo) killed in 0, the equation (j3.8p becomes 



dZ^ = 2^/Z.^R^ + 2a dx 

which is the SDE satisfied by the square of a Bessel process of dimension 2a. 
Moreover {C^)x>o has the same one-dimensional marginals as the latter, more 
precisely £^ is a gamma r.v. of parameter a with mean 2ax. This shows the 
equality in law. 

In case of a Brownian motion in (0, Xmax) killed in and x^ax the equation p.Sp 
becomes 

dZx = 2\fZx^x H Zx dx + 2a dx 

which is the SDE satisfied by the square of a Bessel bridge of dimension 2a from 
at X = to at a; = Xmax- Moreover the latter process and iC%)o<x<Xrr,a^ have the 
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same one-dimensional marginals, more precisely gamma r.v. of parameter a with 



X 



mean 2a{xmax — x) . Thus the two have the same law. □ 

We showed that {C%)xei has the same finite-dimensional marginals as a contin- 
uous stochastic process. We will assume in the sequel and prove in section |42] that 
one can couple the Poissonian ensemble and a continuous version of its occupa- 
tion field {C%)xei on the same probability space. This does not follow trivially from 
the fact that the process {£^)x£i has a continuous version. Consider the following 
counterexample: Let U be an uniform r.v. on (0, 1). Let f be a countable random 
set of Brownian excursions defined as follows: conditionally on U £ is a Poissonian 
ensemble with intensity r/g^ + r/g^j. Let {£x)xeR be the occupation field of £. 
Then £ is continuous on (— oo, U) and ([/, +oo) but not at U . Indeed £ir = and 

lim £x — lim £x — I 

Let {£'^)x£R be the field defined by: £'^ ^ £x if x ^ U and £lj = 1. {£'^)x<£R is 
continuous and for any fixed x Cz M £x = £x a.s. Thus {£'^)x£m. is a continuous 
version of the process {£x)xeWL but it can not be implemented as a sum of local time 
across the excursions in £ . As we will show in section 14.21 such a difficulty does not 
arise in case of Ca ■ 

(C^)x<£i is an inhomogeneous continuous state branching with immigration. The 
branching mechanism is the same as for the local times of the diffusion X , given by 
(|3.5p . The immigration measure is aw{x)dx. The interpretation is the following: 
given a loop in Ca , its family of local times performs a branching according to the 
mechanism (j3.5l) . independently from the other loops. The immigration between 
X and x + Aa; comes from the loops whose minima belong to {x,x + Ax). It is 
remarkable that although the immigration measure is absolutely continuous with 
respect to Lebesgue measure, there is only a countable number of moments at which 
immigration occurs. These are the positions of the minima of loops in Ca ■ Moreover 
the local time of each loop at its minimum is zero. For x > a € I, let 



7 6 £q 
min7 > a 

Let a < b £ I. For j < n G N, let Axn '■= —{h — a) and let Xj^n '■= a + jAxn- 



Then (cl^' j -^^ ^ sequence of independent gamma r.v. of parameter a 

\ ) \<j<n 

and the mean of ri'^-^^'"^ is a( G(x,,x,) - ^(^J-i^ ^J-i) Y For n large 

V G(a;j_i,Xj_i) ) 

G{x„x,) - Gix,^i,x,)Gix„x,.^) ^ ^ 
and o{Axn) is uniform in j. Thus 

n 

lim E[^£(f^-i)'^^ 



b 



hm aV ( G{x,,x,) - i x^)Gix„x ,) \ ^ ^ , ^ 

n^+oo ^\ ^ G{Xj^i,Xj-i) I L 
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and 



lim Varf y 



lim a y ( G{xj,Xj) 



2 



'+°° f^^\ G(a;j_i,xj_i) 

It follows that jy^^i ^'a'^^''''^^ converges in probability to a jj^ w{x) dx. This is 
consistent with our interpretation of immigration. 

Next proposition deals with the zeroes of the occupation field. 

Proposition 3.5. Let xq e /. // J^^^ j w{x) dx < +oo then 

Analogous result holds if J^^^^ w{x)dx < +oo. 

If 0L>1, then the continuous process (C^)xei stays almost surely positive on I. 
If a < 1 then (C%)xei hits infinitely many times on I. 

Proof. If Jj^j J w{x) dx < +00, then L + k, where k is the killing measure of L, is also 

the generator of a transient diffusion. We can couple (£j^ i)xe/ and i+fc)xe/ 

on the same probability space such that a.s. for all x £ I, < ^^j,. But 

according to property 13.21 (i), is just a scale changed square of Bessel 

process starting from or square of a Bessel bridge from to 0. Thus 

lim C- < hm £S,L+fc=0 

Regarding the number of zeros of {C^)xei on /, property 13.21 ensures that it 
remains unchanged if we apply scale, time changes and h-transforms to L. Since 
any generator of a transient diffusion is equivalent through latter transformation to 
the generator of a Brownian motion on (0, +00) killed in 0, the result on the number 
of zeros of {C^)x£i follows from standard properties of Bessel processes. □ 

In [22] respectively [2] are studied the clusters of loops induced by a Poisson 
ensemble of loops in the setting of planar Brownian motion respectively Markovian 
jump processes on graphs. In our setting of one dimensional diffusions the descrip- 
tion of such clusters is simple and is related to the zeros of the occupation field. 
We introduce an equivalence relation on the loops of £q,: 7 is in the same class as 
7' if there is a chain of loops 7o,7i,...,7„ in Ca such that 70 = 7, 7n = 7' and 
for all i G {0,l,...,n- 1}, 7,([0, T(7,)]) n 7,+i([0, T(7,+i)]) ^ $. A cluster is the 
union of all 7([0,T(7)]) where the loops 7 belong to the same equivalence class. It 
is a subinterval of /. By definition clusters corresponding to different equivalence 
classes are disjoint. 

Proposition 3.6. Let L be the generator of a transient diffusion on I. If a > 1, 
the loops in Ca form a single cluster: I. If a €: (0,1), there are infinitely many 
clusters. These are the maximal open intervals on which {C^)xei is positive. In 
case of the Brownian motion on (0, +00) killed at 0, the clusters correspond to the 
jumps of a stable subordinator with index 1 — a. In case of a general diffusion, 



by performing a change of scale of derivative — — , we reduce the problem to the 



1 w 
previous case. 

Proof. Assume that Ca and a continuous version of {C^)x£i are defined on the 
same probability space. Almost surely the following holds 
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• Given 7 7^ 7' G Ca, min7 ^ max 7' and max 7 ^ min7'. 

• For all 7 e £„, ^"^'"^(7) = £'°a'^T(^) ^ q and ^(7) is positive for x G 
(min7, max 7). 

Whenever the above two conditions hold it follows deterministically that the clusters 
are the intervals on which {C^)x£i stays positive. We deduce then the number of 
clusters from proposition 

If L is the generator of the Brownian motion on (0, +00) killed at 0, then (£^)xe/ 
is the square of a Bessel process of dimension 2a and its excursions correspond to 
the jumps of a stable subordinator with index 1 — a. □ 



The clusters coalesce when a increases and fragment when a decreases. Some 
information on the coalescence of clusters delimited by the zeroes of Bessel processes 
is given in [T] , section [31 This clusters can be obtained as a limit of clusters of 
discrete loops on discrete subsets. In case of a symmetric jump process to the 
nearest neighbours on eN, if a > 1, there are finitely many clusters, and if a G (0, 1), 
there are infinitely many clusters and these clusters are given by the holding times 
of a renewal process, which suitable normalized converges in law as e — )■ 0"*" to the 
inverse of a stable subordinator with index 1 — a. See remark 3.3 in |12| . 

We can consider the occupation field (L^]^)x^i if L is not the generator of a 
diffusion but contains creation of mass as in (|1.12p . In this setting, if /i is a positive 

(Ph . 

continuous function on / such that -—r is a signed measure, then for all x € I 

dx^ 

'f^x 'rx 

'-a,Conj(h,L) ^ h{x)^ 

It follows that if L G 2)" then for all x E I, < +00 a.s. and if L G 21° then 

for all a; G /, £^ ^ = +00 a.s. If L G then according to proposition 11.71 (iv), 
there is a positive Radon measure k such that L — k E S". Then for all a; G /, 
£a,L > L-k " ^ E , then properties [321 (i) and (n) are still hold. 

The description given by the property 13.31 of the finite-dimensional marginals of 
{C^)xei is still true, although the case of creation of mass wasn't considered in 
[II]- i£l)xei still satisfies the SDE ([3^. 

Proposition 3.7. Let L G S)~ and v a finite signed measure with compact support 
in I . Then there is equivalence between 

• (i)¥. cxp(/^£^^£>(dx)) <+oo 

• (a) L + D E 

If L + D (z T)^ , let for s G [0, 1] Gs£, be the Green function of L + si). Then 



(3.11) E 



exp (^j^ Cl^L Hdx) 



exp a / / Gsi,{x^x) i){dx) ds 



I 



Proof. First observe that jj C^ ^ pKcJa::) is almost surely finite because |i>| is finite 
and has compact support and [C^ [^)xei is continuous. Also observe that 2?" is 
convex. So if L + j> G S^, then for aU s e [0,1], L + .si) G D^. 

(i) imphes (ii): Let P£„ ^ be the law of Ca,L and '^Co,,l+o t>e the law of Ca^L+v- 
There is an absolute continuity relation between the intensity measures: 

i^L+vid-y) = exp (yj^^^'i^)^ l^hidl) 
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In case (i) is true j^^- is absolutely continuous with respect to P^^ and 

exp ( / Cl j^ i){dj 



(3.12) 



E 



exp 



dl 



But this can not he ii L + D ^ D because then for any x G I, £^ < +00 and 



L+u ~ +00. Thus necessarily L + i> e S) 



(ii) implies (i): We first assume that z> is a positive measure and L + G S . 
Then P^^ ^ is absolutely continuous with respect to ¥c^ and 

exp ( - Jj Cl^L+D ^{dx) 



E 



exp 



■'a,L+ 



Hdx) 



Inverting the above absolute continuity relation, we get that 



E 



exp 



= E 



< +00 



If i> is not positive, let iy^ and —i> be its positive respectively negative part. Then 



E 



exp ( / l ^{dx, 
= E 



exp / Cl.L~u- ^ {dx 



E 



exp 



£S.ii> (dx) 



exp 



Il^a,L'' {dx) 



E 



exp 



{-!. 



a,L + 



,D+{dx) 



< +00 



For the expression p. lip of exponential moments: 



(3.13) — E 

ds 



exp s / ^{dx] 



E 



Hdx) exp s / Cl^L v{dx 



From the absolute continuity relation (|3.12p follows that the right-hand side of 
(|3.13p equals 



ct I Gsu{x,x)v{dx) 



exp s / v{dx) 



This implies ((3lTt 



□ 



As in discrete space case, the above exponential moments can be expressed using 
determinants. On the complex Hilbert space L^((i|i>|) define for s £ [0,1] the 
operators 

i&s,f){x) := f Gs,{x,y)f(y)D{dy) 



mMx) 



Gs,{x,v)f{y)\v\{dy) 



The operator |0*j5| is self-adjoint, positive semi-definite with continuous kernel 
function, and according to [53], theorem 2.12, it is trace class. Since trace class 
operators form a two-sided ideal in the algebra of bounded operators, ^SsO is also 
trace class. Moreover 



(3.14) 



rr(0s£;) = I Gso{x,x)v{dx) 
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The determinant dct{Id+&si>) is well defined as a converging product of eigenvalues 
(see [53], chapter 3). For any s ^ s' E [0, 1], the following resolvent identity holds 

(3.15) &s9&s'9 = <3s'9<3s9 = -^i&s'i. - &s^) 

s' — s 

Proposition 3.8. 

exp^a^ j^Gsi>{x,x)V{dx)d^ = (det(/<i + 0^))" 

Proof. <Sc, has only real eigenvalues. Indeed, let A be such an eigenvalue and / a 
non zero eigenfunction for A. Let sgn{i') be the {—1, +l}-valued function defined 
lip I almost everywhere. Then 



(3.16) J^{sgn{D)f)\0,\isgniD)f)ix)\i)\idx) = \j^ \fV{x)V{dx) 

The left-hand side of p.l6p is non-negative. If the right-hand side of p.l6p is 
non-zero, then A is real. If it is zero, consider fe'-—f + £ sgn{i')f. Then 

A = ^lim 1 ^isgn{i>)f,)\&,\{sgn{9)f,)ix)\i>\idx)^ ^ \f\\xMidx ' 
and thus A is real. 

The operators &sP are compact and the characteristic space corresponding to 
each of their non-zero eigenvalue is of finite dimension. Let (Ai)i>o be the non- 
increasing sequence of positive eigenvalues of 25^;. Each eigenvalue Ai appears as 
many times as the dimension of its characteristic space ker{&p — Xild)" (n large 
enough). Similarly let {—Xj)j>o be the non-decreasing sequence of the negative 
eigenvalues of ©p. Let s £ [0,1]. Since and @si> commute, these operators 

have common characteristic spaces. From (13.151) follows that ( — -— ^ 

^ ' \1 + {1 - S)XJ t>Q 

is a non- increasing sequence of positive eigenvalues of &si>- If is not an 

1 — s 

eigenvalue of ©p, then ( — — is also a sequence of eigenvalues of ©sp. 

Vl - (1 - s)Aj/j>o 

But the family of operators (©«£;) sg[o i] is bounded. Thus none of ^ — ^ 

1 - (1 - s)Xj 

can blow up when s varies. So it turns out that ©p has no eigenvalues in (— oo, — 1]. 
From (|3.14p we get 

Ji ' ^1 + (1-.)A. 2^i_ij_^x, 

The above sum is absolutely convergent, uniformly for s G [0, 1]. Integrating over 
[0, 1] yields 

/ / Gsu{x, x) V{dx) ds = Y^ log(l + Xi)+Y^ log(l - \j) 

This concludes the proof. □ 

3.3. Dynkin's isomorphism. In this subsection we recall the equality in law ob- 
served in [111 between the occupation field (£^)a;e/ and the square of a Gaussian 
Free Field and show how to derive from this particular versions of Dynkin's iso- 
morphism. 
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Let L be a generator of a transient diffusion on / of form (|1.3p . Let {(px)x£i be 
a centred Gaussian process with variance-covariance function: 

w 

{4>x)xei is the Gaussian Free Field associated to L. Let 5* be a primitive of Then 
S{s\vpl) = +00. Moreover ^(inf /) > — oo because L is the generator of a transient 



diffusion. ( — ,~ , , (b^-n is a standard Brownian motion starting from 

at S'(inf /). In particular {(j)x)xei is inhomogeneous Markov and has continuous 
sample paths. 

It was shown in chapter 5, that when a — ^ {C^)x£i has the same law 

as In case of a Brownian motion on (0,+oo) killed in 0, {Cf)x>o is 

the square of a standard Brownian motion starting from 0. In case of a Brownian 
motion on (0, Xmax) killed in and Xmax, {^%)o<x<x^ax is the square of a standard 
Brownian bridge on [0,Xmaa;] from to 0. In case of a Brownian motion on R with 
constant killing rate k, {C\)x&r is the square of a stationary Ornstein-Uhlenbeck 
process. ^ 

The relation between the occupation field of a Poissonian ensemble of Markov 
loops and the square of a Gaussian Fee Field extends the Dynkin's isomorphism 
which we state below (see and [7|): 

Dynkin's Isomorphism. Let xi, X2, X2n G I ■ Then for any non-negative mea- 
surable functional F on continuous paths on I , 

' 2n ^ 

(3.17) Y[<I>x.F{{-cI,IUj) 

pa'iT'niys j — ^ pairs 

where '^pairings 1^^0,1^^ that the n pairs {yj, Zj} are formed with all 2n points Xi in 
{2n)\ 

all — — j- possible ways. 

Next we will show that in case Xi = Xi+n, for i e {1, , i.e. Y[^=i 't'xi is a 

product of squares HiLi "^xii can deduce the Dynkin's isomorphism from the 
relation between the square of the Gaussian Free Field and the occupation field. In 
[13| and [S] this is only done in case n = 1 and xi = X2 using the Palm's identity for 
Poissonian ensembles and the analogue of the relation p.l4|) . To generalize for any 
n we will use an extended version of Palm's identity and the absolute continuity 
relation given by proposition 12.121 (ii) . 

Lemma 3.9. Let £ be an abstract Polish space. Let 9Jt(£) be the space of locally 
finite measures on £ and let M £ 9Jt(£). Let ^ be a Poisson random measure of 
intensity M. Let H be a positive measurable function on ^ffl{£) x Let *p„ be 
the set of partitions o/ {1, n}. IfV€ *P„ and i € {1, ...,n}, then V{i) will be the 
equivalence class of i under V. The following identity holds: 



(3.18) e[ I i/($,(zi,...,g„) J]$(d(7, 

/ E[i/($ + ^J,^,gp(i),...,qp(„))] \{M{dqc) 
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Proof. We will make a recurrence over n. If n = 1, (|3.18p is the Palm's identity for 
Poisson random measures. Assume that n > 2 and that p.lSp holds for n — 1. We 
set 



ff($,gi,...,g„_i) 



Then 
(3.19) 

E 



H{<i>,qi,...,q„^i,q„)Yl<i>{dqM=E / qi, g„_i) J| $(%) 



n-1 



^ / E j H{^+^ 6q^,,qv'(l),-,qV'{n-l),qn){Hdqn) 



Given a partition V € ^n-i, one can extend it to a partition of {1, n — 1, n} 
either by deciding that n is single in its equivalence class or by choosing an equiv- 
alence class c' e V' and adjoining n to it. In the identity p.l9p the first case 
corresponds to the integration with respect to $(d(j'„), and according to Palm's 
identity 



E 



/ H{<^+ ^ '5g^,,g-P'(i), ■•■,g-P'(„-i),gr 



)Hdqn) 



E 



: 9-P'(l), <lV'{n-l),qn) 



M{dq„) 



The second case corresponds to the integration with respect to 5q , {dq„). Thus the 
right-hand side of (I3.19P equals the right-hand side of p.lSp . □ 

Next we show how derive a particular case of Dynkin's isomorphism using the 
above extended Palm's formula. Since {C\)xei a-nd {^(f)'^)xei are equal in law: 



1 

.1=1 

Applying lemma [XHl we get that 

n 

E^, T[CVF{{Cl)x<,i) 

2 J-J- 2 2 

U=l 

« n 



= 2"E£, 

5 



Q 2 



Let &n{'P) be all the permutations a of {!,...,«} such that the classes of the 
partition V are the supports of the disjoint cycles of a. Given a class c & V, let jc 
be its smallest element. From propertv l2.11l (ii) follows that 

n 

i=l cree„CP) CG-P 

Proposition 12.121 (ii) states that 

^*"^='"^«="-'""'='<-)(7c)M*(rf7c) = 
^*(A^^-'^(^=)(d7,J < ... < Ai"'^'"(>)^-'^'(>)(d7.M-io-j) < M^'^'(>)'^'=(d7<,M(,.^))) 
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and if the loop 7c is a concatenation of paths 7^^, ...,7g.|c|-iQ-^'),7^|c|(j^') then 

r(7,) = £-(7,j + ... + r(7.M-io^)) + 

It foUows that 



(3.20) 2"E£, 



n>C?i^((£l).e/^ 



.1=1 



F((£|+^r(7,)W) 



i=l 



But the right-hand side of p.20p is just the same as the right-hand side of p.l7p in 
the specific case when for ah i S {1, n}, Xi^n = This finishes the derivation 
of the Dynkin's isomorphism for this case. 

4. POISSONIAN LOOPS ROOTED AT THEIR MINIMA AND ORDERED BY THEIR 

MINIMA 

4.1. Glueing together excursions ordered by their minima. Let L be the 

generator of a diffusion on / of form p.3p . A loop of Ca,L rooted at its minimal 
point is a positive excursion. For a given a;o G /, we will consider the loops 7 G Ca,L 
such that min 7 G (inf I, xq] . We will root these loops at their minima and then 
order the obtained excursions in the decreasing sense of their minima. Then we 
will glue all this excursions together and obtain a continuous paths £,a,L- The law 
of this path can be described as a one-dimensional projection of a two-dimensional 
Markov process. Moreover this paths contains all the information on the ensemble 
of loops Ca,L n {7 € £*|min7 < Xq}. So this is a way to sample the latter 
ensemble of loops. In the particular case of a = 1, fi_L is the sample paths of a 
one-dimensional diffusion. This is analogue of the link between £1 and the loop- 
erasure procedure already observed in [16J and in [TT], chapter 8. Moreover this 
will give an interpretation of a Ray-Knight theorem in terms of Possonian ensemble 
of Markov loops. In the subsection 14.11 we will consider generalities about glueing 
together excursions ordered by their minima and probability laws will be involved. 
In the subsection 14 . 2 1 we will deal with ^a,L and identify its law. In the subsection 
14.31 we will consider the case of L containing a creation of mass term as in p.l2p . 
We will observe that if L S 2?+ then one can no longer construct ^a,L and show 
what one can construct instead. 

Let xo € K and let Q be a countable everywhere dense subset of {—oo,xo). We 
consider a deterministic collection of excursions (eg)ggQ where (e(j(t))o<f<T(eg) is 
a continuous excursion above 0, T{eq) > and 

e,(0) = e,(r(e,))=0 
Vt e (0,r(e,)), e,(t) >0 
We also assume that for all C > and a < xq^ there are only finitely many 
q £ Q n (a, xo) such that max > C and that for all a < xq 

(4.1) ^(^9) < 

Let T(y) be the function defined on [0, +00) by 

T{y) := ^(^^) 

qeQn(xo-y,xo) 

T is a non-decreasing function. Since Q is everywhere dense, T is increasing. T 
is right-continuous and jumps when ccq — ?/ G Q. The height of the jump is then 

r(e_,). 
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Let T,nax ■= T(+oo) e (0, +00]. For t € [0, T„iax) we define 

0{t) := .To - sup{y e [0, +(X))\Tiy) > t} 

is a non-increasing function from [O^Tmax) to {—oo,xo]- Since T is increasing, 9 
is continuous. We define 

b-{t) = mi{s e [O^T^axM-s) = 9it)} 

b+{t) = sup{s e [o,r„,,)|^(s) = e{t)} 

h-{t) < b+{t) if and only if e{t) G Q and then b+{t) - b-{t) = r(ee(i)). We 
introduce tlie set 

b- := {t e [O,T„,,)|0(i) e Q, b-{t) = 9{t)} 

fa^ is in one to one correspondence witli Q by 1 1-^ 9{t). 
Finally we define on [0,T„iax) the function ^: 



0{t) if e{t) ^ Q 



Intuitively ^ is the function obtained by gluing together the excursions (q + eq)q^Q 
ordered in decreasing sense of their minima. See figure 1 for an example of ^ and 

e. 

Proposition 4.1. ^ is continuous. For all t E [0,Tmax) 

(4.2) 0{t) = inif 

[o,t] 

The set can be recovered from ^ as follows: 

(4.3) b- ={te [0:T^ax)\m = infC and 3£ >0,Vse (0,e), ^{t + s) > ^{t)} 

[0,i] 

If to G b~ then 

(4.4) b+{to) - inf{t e [to,Tmax]\m < C(io)} 

Proof. Let t € [0,Tmax)- To prove the continuity of ^ at i we distinguish three 
case: the first case is when 6{t) G Q and b^{t) < t < b^{t), the second case is when 
6{t) ^ Q and the third case is when 9{t) £ Q and either b^ (t) = t or &+(t) = t. 
In the first case, for all s G {b~{t), b^{t)), 

as)^e{t) + ee^t){s-b-{t)) 

ee{t) being continuous, we get the continuity of ^ at t. 

In the second case we consider a sequence (ir!,)r!,>o in [0,Tmax) converging to t. 
Let C > 0. There are only finitely many q G Q such that there is n > such that 
d(tn) = q and maxe^ > C. Moreover for any q £ Q, there are only finitely many 
n > such that 0{tn) — q. Thus there are only finitely many n > such that 
^(in) G Q and maxeg(f^) > C. So for n large enough 

(4.5) 0itn) < atn) < 0{tr,) + C 

But (,{t) = 9{t) and 0{tn) converges to 6{t). Since we may take C arbitrarily small, 
(|4.5p implies that ^(t„) converges to 9{t). 

Regarding the third case, assume for instance that d{t) £ Q and t — b^{t). The 
right-continuity of ^ at t follows from the same argument as in the first case and 
left-continuity from the same argument as in the second case. 

By definition, for all t £ [0,Tmax), S{t) < ^{t). 9 being non-increasing, for all 

t £ [0, Tr^fldx) 

e(t) < inf ^ 
- [o,t] 
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For the converse inequality, we have 

[v,t\ 

Regarding (j4.3p and (|4.4p we have the following disjunction: if 9{t) g Q and 
b-(t) < t < b+{t) then ^{t) > 0{t). If e{t) e Q and t = b-{t) then for all 
s G {0,b+{t) -b-{t)), ^(t + s) > ^{t). If either e{t) e Q and t = b+{t) or e{t) ^ Q 
then (_{t) = 9{t) and there is a positive sequence (s„),i>o decreasing to such that 



Fig. 1 - Drawing of ^ (full line) and 9 (dashed line). 

Previous proposition shows that one can reconstruct Q and the family of excur- 
sions (eg)ggg only knowing ^. (|4.2p shows how to recover 6 from f . (|4.3p and (|4.4p 
show how to recover the left and the right time boundaries of the excursions of ^ 
above 9. Also observe that the set defined by the right-hand side of (|4.3p is count- 
able whatever the continuous function ^ is, even if it is not obtained by glueing 
together excursions. 

Lemma 4.2. Let (Q„)„>o be an increasing sequence of subsets of Q such that every 
Qn is everywhere dense in (— c»,a;o] and such that 

(4.6) U S„ = Q 

n>0 

Let 

Let ^„ be the function on [Q,Tn.max) defined analogously to ^ by gluing together 
the excursion (q + eq)q^Q^ . Then Tn^max converges to Tmax cind ^„ converges to ^ 
uniformly on every compact subset of [0,Tmax)- 

Proof. It is obvious that Tn^max converges to T^ax- For t G ^^Tmax) let 

fn{t) := / le(s)^Q\Q„ ds 
Jo 

fn maps [0,T„iax) to [0,Tn^jnax)- For t G [0,Tn^jnax) let 

/i„(t) := inf{s G [0,Tmax)\fn{s) > t} 

hn is increasing and right-continuous. Its jumps correspond to g G Q \ Qn an 
their height is T{eq). (|4.6p implies that /„ converges uniformly on compact subsets 
of [0,Tmax) to the identity function and so does its right-continuous inverse hn- 
Moreover £,n = £. o hn which implies the convergence of ^„ to ^. □ 

4.2. Recovering the Poissonian ensembles of loops from Markovian sam- 
ple paths. Let a > and Ca,BM the Poisson ensemble of loops of intensity aiJ*Qf^[ 
where is the measure on loops associated to the Brownian motion on M. Let 
xq G M. We consider the random countable set Q: 

Q {min7|7 G Ca,BM} n (-00, xq) 

Almost surely Q is everywhere dense in (—00, xq) and for every q G Q there is only 
one 7 G Ca.BM such that min7 = q. Almost surely 7 G Ca.sAi reaches its minimum 
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at one single moment. Given q € Q and 7 G Ca.BM such that min7 — q we consider 
Bg to be the excursion above equal to 7 — g where we root the unrooted loop 7 at 
argminj. Then the random set of excursions (eg)ggg almost surely satisfies the 
assumptions of the subsection 14.11 In particular the condition (j4.ip follows from 
the fact that, according to (|2.30p . 



+00 



t A 1 



1 A T(7)lmin7e(a,:Eo) tAsAlidl) = {^Q - o) / — == dt < +00 

Jo \J i-Kl 

Thus we can consider the random continuous function (^Q,_BA/(i))t>o constructed 
by glueing together the excursions (q + eq)ggg in the way described in subsection 
01 Let 

6a.BM{t) — inf ^Q,,_BM 

[o.t] 

'^a,BM{t) ■= {^a,BM(t),OaMM(t)) 

Next we will describe the law of the two-dimensional process {^a,BM{i))t>o- 

Proposition 4.3. Let {Bt)t>o be a standard Brownian motion on M starting from 
0. {'E.a.BM{t))t>Q has the same law as 



(xo + \Bt\--i'i{B),xo~-e'i{B)) 
\ a a / ^ 



In particular for a = 1, {S,i^BM{t))t<o has the same law as a Brownian motion 
starting from xq . 

Proof. For a < xq let Ta be the first time 9a bm hits a. For Z > let 

f° := mi{t > 0\f,{B) > 1} 

According to the disintegration (|2.30p of the measure in the proposition 12. 141 
for all a < Xq the family isq)q£Qn{a,xa} of excursions above is a Poissonian point 
process of intensity 2arig'^f. This implies the following equality in law 

(4-7) {^a,BM{t) - Oa.BM{t))o<t<Ta ' ■* (l^t I )o<t<-fO, 



Since (j4.7p holds for all a < xq, we have the following equality in law 

(4.8) {UBM{t) - ea,BM{t), a{xo - 6a.BM{t)))t>o ^ (|^t|,£5'(B))t>o 

(|4.8p is exactly the equality in law we needed. The fact that for a = 1, 
[xo + |i?f I — i^{B))t>o has the law of a Brownian motion starting from is well 
known. See [20^, chapter VI, §2. □ 

Assume that xo > 0. Let {Bt)t>o be a Brownian sample paths. Let Tq be the first 
time it hits 0. Then according to the first Ray-Knight theorem, {ixg{Bt))o<x<xo 
is the square of a Bessel 2 process starting from at 0, restricted to the interval 
[0,Xo] (see theorem 2.2 in chapter XI, §2). But from proposition 14.31 follows 
that the path (Bt)o<t<To can be sliced into a Poissonian ensemble of Brownian 
loops of parameter a = 1. The fact that its occupation field on [0, xq] is the square 
of a Bessel 2 process starting from at is given by the proposition [331 

From proposition 14.31 follows in particular that {'E.a.BM(t))t>Q is a sample path 
of a two-dimensional Feller process. Let 

Dr := {ix,a) e R^\x > a} 

DiagiR"^) := {{x,x)\x E M} 
For {xo, ao) € -Dr we define the process 

l"a,BMl^JJt>0 - {t.a,BM\^)^'^a,BM\t))t>0 
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(4.9) := ( ao + -a^ + Bt\- -^-''"{B), ao - -C"""(B) 

a a 



t>o 



where {Bt)t>o is a Brownian motion starting from 0. has the same law as 

Sa.sA/ starting from xq. The family of paths {'^a''BM)xo>a.o ^''^ sample paths 
of the same Feller semi-group on Dk starting from all possible positions. Next we 
describe this semi-group in terms of generator and domain. Let / be a continuous 
function on Dr, on the interior of Dm, such that all its second order derivatives 
extend continuously to Diag(K^). This implies in particular that the first order 
derivatives also extend continuously to Diag{M.'^). We write dif, ^2/ and for 
the first order derivative relatively to the first variable, the second variable and the 
second order derivative relatively the first variable. Applying Ito-Tanaka's formula 
we get 



Jo 

Let 'Da^BM be the set of continuous functions / on Z?r, on the interior of Dr, 
such that all the second order derivatives extend continuously to Diag{M.'^) and 
that moreover satisfy the following constraints: / and are uniformly con- 

tinuous and bounded (which also implies that dif is bounded by the inequality 
||3i/||oo < 2iy||/||oo||<9i,i/||oo) and on DiagiR"^) the following equality holds: 

l--)5i-i92) f{x,x)=0 
a J a J 

If / e T>a,BM then i (E[/(S^°^^^(i))] - /(xo,ao)) converges as t ^ 0+, uniformly 

for (xo,ao) G I?k, to -9i^i/(xo, oq). Moreover Va^sM is a core for i^di^i in the 
space of continuous bounded function on I?r. 

Next we describe what we obtain if we glue together the loops, seen as excursion, 
ordered in the decreasing sense of their minima, where instead of Ca,BM we use 
the Poissonian ensemble of Markov loops associated to a general generator of form 
(|1.3p . Let / be an open interval of R and L a generator on / of form 

_ 1 d f 1 d 

ij — 



fh{x) dx \w{x) dx ^ 

with zero Dirichlet boundary conditions which satisfies the assumptions of the sec- 
tion 11.21 Let S* be a primitive of w{x). We assume that S'(sup/) ~ +cx). Let 

Di := {{x,a) e /^Ix > a} 
Diag{I^) := {{x,x)\x G /} 
Let D] be the closure of Dj in (inf /, sup/]^. 

Given any x'q > > iS'(inf /) let (a be the first time '^^°bIi hits iS'(inf /). Let 



Jo 



Let (^r^)o<t</- be the inverse function of (-^t)o<t<(^ ■ It is a family of stopping 
times for E^°g'^.j. For > ag G / and t < let 
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If a = 1 then £,^''^° is just the sample paths starting xq of a diffusion of generator 
L. Let I be the space of continuous functions / on Dj satisfying 

• f o is on the interior of Dj and all the second order derivatives 
extend continuously to Diag{P). 

• fix, a) and , | . t)i ( , | . dif(x, a)] are bounded on Dj and extend con- 

m(x) \w[x) J 

tinuously to Dj. 

• f{x,a) and , ^ 9i ( ——dif{x,a)] converge to as a converges to inf 7 



rh{x) \w{x) 
uniformly in x. 
• On Diag{I^) the following equality holds: 

(4.10) ((l -1) a, -ia.) =0 

Lemma 4.4. {'^^°'^°)xo>aoei a family of sample path starting from all possible 
positions of the same Markovian or sub-Markovian semi-group on Dj. The law 
of the path depends weakly continuously on the starting point {xo,ao). The 

domain of the generator of this semi-group contains T>^ i, and on this space the 
generator equals 

-5i ( -^di 



m{x) \w{x) 

Moreover there is only one Markovian or sub-Markovian semi-group with such gen- 
erator on V f . 

Proof. Since a change of scale does not alter the validity of the above statement, 
we can assume that w = 2. Then sup / = +oo. C^^i" {t))Q<ct<i^ is then obtained 
from (Sa°BM(*))o<t<Cc ^ random time change. The Markov property and the 
continuous dependence on the starting point for follows from analogous prop- 

erties for El^l^. If / e V^ j^ then 

is a local martingale. We can rewrite it as 

The above local martingale is bounded on all finite time intervals and thus is a 

true martingale. Since ^ _ , . di if(x,a) converges to as a converges to inf 7, 

2m{x) 

uniformly in a;, it follows that 
Thus 




Moreover the above convergence is uniform in (xo,ao) because } di^\f{x,a) 
extends continuously to Dj. 
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To prove the uniqueness of the semi-group we need to show that there is A > 
such that 

is sufficiently large, for instance that it contains all functions with compact support 
in Dj. Let g be such a function and A > 0. Consider the equation 

(4.11) 2rh{x) ^^'^'^^^' ~ ^ 

Let ua,^ be a positive decreasing solution to 

1 (Pu 



(x) ~ \u{x) = 



2m(a;) dx^ 
Let 



foix,a) -.^ ux,iix) / 2m{z)g{z,a)ux,iiz)dz — 



Then /o is a solution to (14. lip and it is compactly supported in Dj. We look for 
the solutions to (j4.1ip of form 

f{x, a) = fo{x, a) + C{a)ux,i{x) 

f satisfies the constraint (I4.10p if and only if C satisfies 

--ux.l{a)^(a) ^{a)C{a) + h{a) = 

a da \ a J dx 

where 

h{a)^ (^(^l-i^ai-i92)/o(a,a) 
h is compactly supported in /. We can set 



all UX.liy)'^ 

C is zero in the neighbourhood of inf /. Moreover ux^i has a limit at +oo. It follows 
that / G V^ i- □ 

Let L be the generator of a diffusion on / of form p.3p . Let a;o G /. Consider 
the loops 7 in Ca,L such that min7 < xq, rooted at argminj, seen as excursions. 
Let {£,a,L{t))o<t<Cc t>e the path on / obtained by glueing together this excursions 
ordered in the decreasing sense of their minima. Let 

da, Lit) min^a.i 

[0,t] ' 



Proposition 4.5. Let L Coni{u\^,L). Then {^a.Lit))o<t<Ca ^'^^ the same law 
as (^^1° it))o<t<c ■ *^ ^ sample path of a two-dimensional Feller process. In 
particular for a = I, S^i l is the sample path of a diffusion of generator L. For all 

lim inf L (t) = inf / 
t-*-Cc 

// L is the generator of a recurrent diffusion then 

lim sup L (t) — sup / 

Otherwise 

lim sup L (t) — inf / 
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Proof. First notice that if L is the generator of a recurrent diffusion then L = L. 
Otherwise a diffusion of generator L = L is, put informahy, a diffusion of generator 
L conditioned to converge to inf / (informally because this may occur with zero 
probability). From h- transform invariance of the measure on loops follows that 
^a.L = L- F^om T)ropertv l2.6l fiv) and corollarv l2. lOl follows that ^ is obtained 
from '^a,BM by scale and time change in the same way as S^''^^" and thus 'Ea,L and 
5^°!?^° have the same law. Regarding the limits oi(^a.L at Cq, , we need just to observe 
that they hold if L is the generator of the Brownian motion on an interval of form 
(a, +00), a E [—00, +00), and by time and scale change they hold in general. □ 

As explained in the proposition 14.11 the knowledge of the path {S,a,L{t))o<t<Ca 
alone is enough to reconstruct Ca^L H {7 G £*| min7 < xq}. From this we deduce 
the following 

Corollary 4.6. If L is the generator of a transient diffusion, it is possible to con- 
struct on the same probability space Ca,L o/nd a continuous version of the occupation 
field {Clj^)^ei. 

Proof. By scale and time change covariance and h-transform invariance of the Pois- 
son ensembles of loops, it is enough to prove the proposition in case of a Brownian 
motion on (0, +00) killed in 0. Let (x„)„>o be an increasing sequence in (0, +00) 
converging to +00. We consider a sequence of independent paths (Ca"BM)»>o de- 
fined by (1121). Let 

Tn,x„.i := inf{t > OlQ^'^^jit) = x^-i} 

where conventionally we set x-i :~ 0. By decomposing the restricted path 
(^a"BM(^))o<t<T„ J one can reconstruct a family of loops 7 such that min7 G 
{xn-i, Xn): there is a random countable set J7n of disjoint compact subintervals 

[b^,b+] of [0,Tn^x„^i] such that 

{(ObmI^^ + t))o<t<b+-b- I [b^,b'^] G Jn}=Ca,BM H {7 G £* |min7 G (a:„_i , a;„)} 

(see (|4.3p '). The union of all previous families of loops for n > is a Poissonian 
ensemble of loops Ca,BM n {7 G £*| min7 > 0}. 

Each of Ca"BM ^ semi-martingale and its quadratic variation is 

Moreover for all a; G M 

From theorems 1.1 and 1.7 in (JHI, chapter VI, §1, follows that we can construct on 
the same probability space ^^"^m ^'^'^ ^ space-time continuous version of local times 
(^f (Ca"sM))2:6R,t>o of ^^BM relatively to the Lebesgue measure. In particular x 1— > 
^t„,,„_,(Cbm) is continuous. If [6-,6+] G J^, then (^^+ (Crif//) " (Cj3m))^>o 
is the occupation field of the loop corresponding to the time interval [6^,6+]. We 
need to check that 

(4.12) A.s. Vx > 0, {Qb7i) - E (Qbm) " ^l- (C:^Af ) 

[6-.6+]eJ"„ 

For a; > 0, consider the random set of times 

(4.13) {te[o,T^,x._M::BMit)-^}\ U [^"'^^] 

lb-.b+]ej„ 
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If a; is a minimum of a loop embedded in {^a^BM (^))o<t<T,^,:c or if x ^ (a;" ^, a;„) 
then the set (|4.13p is empty. Otherwise it is reduce to one point: the first hitting 
time of the level x. Almost surely, for all a; > 0, the measure rft^f(Ca"BM) 
supported in {t > 0|^^"^^(t) — x} and has no atoms. This implies (|4.12l) . Finally 
we can conclude that (^f,^ ^ i^l"BM))x>o occupation field of Ca,BM H {7 G 

£*| min7 G (a;„_i,x„)}. 

The occupation field of Cc^bm H {7 G £*| min7 > 0} is 



a.BMl 

„>0 / x>0 



The above sum is locally finite and thus varies continuously with x. □ 

Similarly to ordering the loops of Ca,L H {7 G £*| min7 < xq} in the decreasing 
sense of their minima, we can root the loops in 

-Cq.l n {7 G £* I min 7 > xq} 
at their minima and order them in the increasing sense of these minima. Let 
(Ca.L(0)o<t<c path obtained by glueing this loops-excursion ordered this 

way. For t < (a let 

da.L{t) ■= inf ia,L 

The ensemble of loops Ca,L H {7 G £* | min 7 > xq} is invariant in law through time 
reversal. Thus, if xi € I,xi > xq, then what we obtain by time-reversing the path 
S.a,L, run until the last time it visits xi, equals in law the path ^^^ff^ run until 
the first time it hits xq. Both paths are obtained by glueing together the loops in 
^a,L n {7 G £*|a;o < min 7 < xi} rooted at their minima. In particular if L is the 
generator of a Brownian motion on M then {£,a.BMit),Oa,BMit))t>o has the same 
law as 

xo + \Bt\ + -e^,{B), xo + -e°{B)' 



a 



t>o 



where J5 is a standard Brownian motion starting from 0. If a = 1 then the path 
{£,i.BM{t) — xo)t>o has the law of a Bessel 3 process starting from 0. In gen- 
eral (Cce.Lj^Q.L) is the sample path of a two-dimensional Feller Markovian or sub- 
Mar kovian process on Z3k- Stated informally, its generator acts on sufficiently 
smooth function / on IJk satisfying on Diag{I^) the constraint 

i + -)di + -d2] f{x,x)^o 

a J a J 

Given such a function /, one applies the second order differential operator L^-^o 
to the first variable, the second one being fixed. If a = 1 then the path ^i./, is 
Markovian and has the same law as p+'^^o started from xq. 

It is significant that for a = 1 the Poissonian ensemble of loops Ci^l can be 
recovered from sample paths of one-dimensional diffusions. A similar property was 
observed for loops of the two-dimensional Brownian Motion and of Markov jump 
processes on graphs. In [, 11, , chapter 8, it is shown that by launching consecu- 
tively symmetric Markov jump processes from different vertices of a finite graph 
and applying the Wilson's algorithm (dH), one can simultaneously construct a 
uniform spanning tree of the graph with prescribed weights on the edges and an 
independent Poissonian ensemble of Markov loops of parameter a = 1. If D is a 
simply-connected open domain of C other than C, it was shown in |27j that one 
can couple a Brownian motion on D, killed when hitting (3D, and a simple curve 
(SLE2) with same extremal points such that the latter appears as the loop-erasure 
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of the first. It is conjectured that given this loop-erased Brownian motion and an 
independent Poissonien ensemble of Brownian loops of parameter 1, by attaching to 
the simple curve the loops that cross it one reconstructs a Brownian sample path. 
See |ll6i, conjecture 1, and [15], theorem 7.3. 

For one-dimensional diffusions one can partially recover £i ^ from Markovian 
sample paths otherwise than slicing ^i^^ in excursions. The next result has an 
analogue for loops of Markov jump processes on graphs. See [11 j, remark 21. 

Proposition 4.7. Assume that L is the generator of a transient diffusion. Let 
X G /. Let (Xt)o<t<c ^6 sample path of a diffusion of generator L started from 
X. Let Tx the last time X visits x. For I > let 

Tf {t > o\eux) > 1} 

Let {Yj)j^fi be a Poisson-Dirichlet partition PD{0, 1) o/[0, 1], independent from X, 
ordered in an arbitrary way. Let 

I, ■.= q{X)j2Y, 

4=0 

The family of bridges {{Xt)T'' kkt" )?">o has, up to unrooting, the same law as 
the loops in 

/:i,Ln{7G£1xG7([0,T(7)])} 
In particular (^t)o<t<f '^^^ obtained through sticking together all the loops in 
Ca.L that visit x. 

Proof. According to corollarv l2.91 {£^{'y)).y^Ca l,i visits x is a Poissonian ensemble 
of intensity e~ <3(^.^) — . Thus ^ is an exponential r.v. with mean G{x, x) and has 

the same law as £^{X). Moreover the Poissonian ensemble {'~f)).y^Cc l,i visits x 
has up to reordering the same law as [Ij — Zj_i)j>o. Almost surely I i— ^ rf does not 
jump at any L. Conditionally on {lj)i>0: ((A^t)r=" <t<T== )7">o is an independent 
family of bridges and {Xt)T^ <t<T^ has the same law as {Xt)o<t<T'= _ ■ We 
conclude using identity (|2.15p and the theory of marked Poissonian ensembles. □ 

Assume that L is the generator of a transient diffusion. Let a; G / and let 
{Xt)o<t<(; be a sample path starting from x of the diffusion corresponding to L. 
We will describe two different ways to slice {Xt)o<t<Q so as to obtain the loops 

A,L n {7 G £*|7([o,r(7)]) n [x{o),x{c)] {or [x{c),xm) ^ 0} 

The first method corresponds to the loop-erasure procedure applied to {Xt)o<t<c 
and the second to the loop-erasure procedure applied to the time-reversed path 
{X(^-t)o<t<c- Let Tx be the last time (Xi)o<t<f visits x. Let T be the first time 
X hits X^- . If X(^~ G dl then T ^ (. Let (Yj)jgN be a Poisson-Dirichlet partition 
PD{0, 1) of [0, 1], independent from X. The first method of decomposition is the 
following: 

• The path (^t)o<t<f' decomposed in bridges ((A't),-^ <t<r^ )j">o from 
a; to a; by applying the Poisson-Dirichlet partition (Yj)jgN to £^{X), as 
described in proposition l4.7l 

• Given the path (Xrp -^t)a<t<c~t ' "^C" ^ define: 

b+ := (t G [0, C - Tx)|Xf^+t = sup Xf^^^ 

se[tx-f^) 

and 3e G {0,t) s.t. Vs G (t - e,t),Xf^^^ < Xf^^X 
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is countable and we define on b+ the map b : 

b-{t) sup{s e [0,Ol^f^+, - ^f^+J 

((Xj, ^jj_|.jj^^)Q<g<f_b-(t))teb+ ^''6 the negative excursions of the path 
i^f^+t)o<t<c-f^ below (sup[^^+j^^)X)o<,<^_y^. If X^- > x then: 

and Be e (0,t) s.t. Vs e (t - e,t),X^^_^^ > ^f^+^j 

We define on b+ the map 6^: 

6-(t) sup {s e [0,t)|X^^+, - X^^+J 

((-^f,+6-(t)+ Jo<s<t-fc- (t))tei,+ are the positive excursions of (X^^+t)o<j<^_f^ 
above (inf[j.^^j^^) ^)o<t<c-t.- 

• We denote ^^{{Xt)o<t<(;) the set of loops 

{^^%_i+^^o<^<%'%_i 1-^' ^ 0} {(^f,+6-(t)+Jo<s<t-b-(t)|< e b^} 
where the loops are considered to be unrooted. 
The second method of decomposition is the following: 

• If X^- < X we define: 

:= |t e [0,f)\Xt = inf X and 3e > s.t. Vs e (t,t + e),X, > Xtj 

On b^ we define the map b^: 

b+{t) := mi{s e it,f)\X, ^ Xt} 

{{Xt+s)o<s<b+ (t)-t)teb- are the positive excursions of (^t)o<t<T above 
(inf [o^t] This is exactly the decomposition described in section 

O UX^-^>'x then: 

b" := |t e [0,f)|Xt = supX and 3e > s.t. Vs G + £),X^ < xA 
[o,t] J 

The map 6+ defined on b^ is: 

b+it) :=inf{se {t,f)\Xs=Xt} 

{{Xt+s)o<s<b+{t)-t)t£b- are the negative excursions of (^t)o<f<f' below 
(sup[o,t] X) 

0<t<T- 

• If T < C we introduce: 

ly.= i^'-iX)j2Y. 

i=0 

and 

Tj^ ■.= M{te[fx)\if''{x)>i,} 

We decompose the path {^t)f<:f^(- in bridges {{Xt)r^ <t<T- )j>o from 
X^- to X^-. 

• We denote ^^((Xf )o<t<c) the set of loops 

{{Xt+s)o<s<b+{t)-t\t e b"} U {(X^j^^_^+s)o<s<r,-^-r,^^_Jj > O} 

where the loops are considered to be unrooted. 
The loops in ^^((Xi)o<t<c) and ^'^{{Xt)o<t<c) are not the same but: 
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Proposition 4.8. ^^((Xt)o<t<c) o.'i^d ^^((Xt)o<t<c); considered as collections 
of unrooted loops, have the same law. Let Ci,l he a Poissonian ensemble of loops 
independent from Xi^- . Then J^^{{Xt)a<t<c) CLnd J^''^{{Xt)a<t<c,) have the same 
law as: 

(4.14) Ci,L n {7 e £* |7([0, r(7)]) n [x(o), x(r )] (or [Xic), xm) ^ 0} 

Proof. First we will prove that ^^((Xt)o<t<c) has the same law as (|4.14p . If 
¥{X(^- — inf J) > 0, then conditionally on X^- — mi I, (Xt)o<t<c has the law of a 
sample path corresponding to the generator Conj(u^, L). If y G / H (— oo,x] and 
y is in the support of k (the killing measure in L) then conditionally on X^^- — 
y, (^t)o<t<c is distributed according the measure (property 12.31 (i)). 

According to the property [131 (ii) ■ (-'^t)o<t<f ^^"^ i-^T+t)Q<ct<(~f ^^'^ independent 
conditionally X^- = y, {Xt)Q^f.^f having the law of a sample path corresponding 
to the generator Conj{ui, L), run until hitting y, and (XT+t)Q<«^_f following 
the law y) ^^^L^ ' ^^'^'^'^ proposition 14.51 and 14.71 follows that ^^((Xt)o<t<^) and 
(|4.14p have the same law on the event X^- < x. Symmetrically this also true on 
the event X^- > x. 

The decomposition ^^((Xt)o<t<^) is obtained by first applying the decompo- 
sition .if^ to the time- reversed path (^<^-t)o<t<c ^^'^ then applying again the 
time-reversal to the obtained loops. The law of the loops in (|4.14p is invariant 
by time-reversal. Let y € I, y in the support of k. Conditionally on Xq- = y, the 
law of (X^_t)o<t<^ is y) l^^'^' ^° applying the decomposition to the path 
(X^_t)o<t<c conditioned by Xq- = y gives 

£i,L n {7 e £* |7([0, r(7)]) n [y, x] {or [x, y])^%} 

If P(X(j- = inf /) > then conditionally on X^- = inf /, the path {Xt)Q<t<c^ 
is a limit as y — )■ inf / of paths following the law c{t~y)f^^'^ latter are 

restrictions of the former). Thus conditionally on X^- = inf / ^^{{Xt)o<t<(;) is an 
increasing limit as ?/ — >■ inf / of 

£i,Ln{7e£*|7([O,r(7)])n[2/,a;]^0} 

which is 

Ci.L n {7 e £*|7([0,r(7)]) n [inf ^ 0} 

Similar is true conditionally on X^- = sup/. □ 

4.3. The case of "generators" with creation of mass. Now we consider that 
L is a "generator" on / that contains a creation of mass term as in (|1.12p . We 
study the problem of glueing together the loops in Ca^L, rooted at their minima 
and ordered in the decreasing sense of the minima. If L G 2)'^'^, the situation is 
the same as for the generators of diffusions: if L = Conj{ui, L) and xq e /, then 
^a^i^" is the continuous path obtained by glueing together the loops 7 € Ca.L such 
that min7 < xq. This can not be done any longer if L G S^. Indeed, according 
to proposition l2.25l if x G / is sufficiently low and y G / sufficiently high, there are 
infinitely many loops 7 G >Cq,l such that min7 < x and max 7 > y. However one 
can consider a continuous function H : I ^ I such that for all a; G /, H{x) > x 
and /^|(2:,if(2;)) G S)^ (see figure 2). We will show that one can glue together the 
loops 7 G Ca,L such that min7 < xq and max(7) < H{inhi"f), rooted in argminj, 
ordered according to the decreasing sense of their minima, and obtain a continuous 
path {S,a,L,Hit))a<t<Ca- We will further identify the law of this path. 
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Fig. 2 - The measure on (min7,max7) induced by 
Mi (''7) is not locally finite in the dashed region. 

Lemma 4.9. For all J compact subinterval of I , 



(4.15) 



^(7) < +00 a.s. 



7 G £c>,i,niin7 e J 
max7 < //(min7) 



Proof. For every a ^ I, there is e(a) > and if(a) G / such that for aU a' g 
(a — e(a), a + £(a)), -ff(a) > H{a') and ^(a)) G The set 

{(a;, a)|a e J,x e [a,H{a)]} 

is compact and hence there is a finite family (ai, cat) G / such that the preceding 
set is contained in 

N 

[J {ai - e{ai), H{ai)) x (a^ - e{ai),ai + e{ai)) 



But 

(4.16) 



N 

E 



E 



r(7) <+c 



min7 (ai — £(ai), + £(ai)) 
max 7 < H{ai ) 



implies ((iJ5)l . 



□ 



Preceding lemma ensures that the continuous path {S,a,L,H{t))o<t<c,a '^^11 de- 
fined. For t e [0,Ca), let 

Sa,L,H{t) ■= min Ca,L,ff 

We will show that {^a.L.H, 0a,L,H) is the sample path of a two-dimensional Mar- 
kovian or sub-Markovian process. Next we introduce what will be its domain and 
generator. Next we will apply the Hille-Yosida's theorem to show that actually 
there is a Markovian or sub-Markovian process with such a domain and generator. 
Finally we will show that {^a.L.H, Ool.l.h) is indeed its sample path. 
Let 

Di^H {{x,a) e /^|a < a; < H{a)} 

First observe the following: Assume that xq £ / and h\s,&C^ function on /. If there 
is an L-harmonic function u that is positive in the neighbourhood of x such that 
V? dh 

— is in the neighbourhood of xq, then for any other L- harmonic function u 

w dx 
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V? dh . . 

positive in the neighbourhood of xq, ;— is in the neighbourhood of xo- Indeed 

w dx 

u 

the quotient — is on /. We define on Dj h the function uh(x,o) as follows: 
u 

u is positive and continuous on Diji and by definition equals 1 on Diag{I^). For 
all a G J, cc I— > uh{x, a) is L- harmonic and 

lim Unix, a) = 

x-fH{a) 

We will consider functions f{x,a) such that for all a G /, x i— )■ f{x,a) is and 
for every > a G /, and u L-harinonic function positive in the neighbourhood of 

in the neighbourhood of xq. For such functions we can 

w{x) 

define the second order partial differential operator 

LH.iJ{x,a) = — -—-di — di/(x,( 

uh(x, a)''m[x) \ w(x) 

For a £ I, let 

Di,H,a ■■= n (inf /, a]2 

Di,H,(i := {ix,a) e /^|a < a,a < x < H{a)} 
Let Co{Dj H,a) be the space of continuous bounded functions / on Dj H.a that 
extend continuously to Dj H.a and such that f{x,a) converges to as a converges 
to inf /. imiformly in x. Let 'Da.L.H,a be the subspace of function / G Co{Di^H.a) 
satisfying the following constraints: 

• / is on the interior of Dj h and all the first order derivatives extend 
continuously to Diag{P). 

• Lu.if is well defined and in Co{Di^H.a)- 

• On Diag{l'^) f satisfies the equation (|4.10p . 

We are interested in Markovian or sub-Markovian processes on Dj H.a with domain 
T^a,L.H,a and generator Lh,i- We will show that this a-parametrized family of semi- 
groups is consistent in the following way: if a' > a G / then any sample path for 
the semi-group generated by {LH,i,'i^a,L,H,a) on Dj,H,a is also a sample path for 
the semi-group generated by {LH,i,'DaXM,a') on Dj^ha'- 

Lemma 4.10. 'Da,L,H,a is dense in Co{Di H.d) for the uniform topology. 
Proof. Let l h a be the sub-space of functions / G Va^L^H satisfying the fol- 
lowing additional constraint: dif(x,a) and — — — ——dif(x,a) are in C^iDi Ha)- 

m{x)w(x) ' ' 

It is enough to show that T)'^ l h a dense. V'^ l h a ^ non-unitary algebra. If 
/>5 e K,l,Hm then 

2 

LH,iU9){x,a) = {LH.if)g{x,a) + f [L h ,ig){x , a) H --——-{difdig){x,a) 

m[x)w[x) 

Thus LH,i{fg) € Cq{D I ,a) ■ Let Dj H.a U {f} be the one point compactification 
of DiH,a- Any function in Co[Dj^H,a) extends continuously to Di H,a U {f} and 
takes value at f. The space R ® I)'^ l h spanned by the constant function 
and I?^ L H a' ^ unitary sub-algebra C^Dj^H.a U {f}) of continuous functions on 
Di^H.a U {f}. Lets show that this sub-algebra is separating. 
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The main point here is to show that for every {xo,xo) G Diag{I^) H Dj H,a 
and e > 0; there is a function / € l h a such that f{xo, a;o) > and / vanishes 
outside an e-neighbourhood of (xq, xq). Similar property for other points in Dj H.a^ 
{f} is trivial. Let e > 0. There is e' € (0,e) such that u~'^^^°^ is positive on 
{xq — e', H(xo)) and inf(3.jj_£; j.^^^/-) H > xq + 2e' . Let h he a smooth non-negative 
function on / such that h(xQ) > and h vanishes outside {xq — e',xo + e'). Let 

. , , , , Idh, ,u-^-f^(^°)(a)2 r w(y) 

g{x,a ■.^h{a) + - — ia) - h(1u ^2 

a da w[a) u ^^\^o)(^yy 

If a < Xo — e' , we set g{x,a) = 0. LH,ig is continuous and g satisfies (|4.10p . 
g{xQ^XQ) = h{xo)- Let x defined on M be a cut-off function: x is smooth, equals 1 
on (— oo, 1] and on [2, +oo). Let 

Then / € V'^ l h a' f vanishes outside (xq — e' , xq + 2e') x (a;o — e', xq + e'), and 
/(a;o,a;o) = h{xo) > 0. 

According to Stone- Weierstrass theorem the sub-algebra M © T)'^ l h a dense 
in C{Dj^H,a U {t}). Consequently V^ j^^hm dense in Co{Di^H,a)- □ 

Proposition 4.11. For every a € I , there is a continuous positive contraction 
semi-group on Co{Di^H.a) such thafDa^L.H.a is a core of the domain of its generator 
and the generator on 'Da,L,H,a is Lh,i- Stated otherwise, there is a Feller semi-group 
on C{Di H.a U {t}) such that R © 'DaXMA i^ ^ '^^'"'^ '^''^d the generator values Lh.i 
on 'Da^L,H.a md on constant functions. Moreover if a' > a £ I , any sample path 
for the semi-group generated by {Li{,i,'F>a.L.H,a) on Di,H,a is also a sample path 
for the semi-group generated by (-/j/f.i, I?a,L,ff,a') on Dj H.a'- 

Proof. Let a & I. According to Hille-Yosida theorem (see theorem 2.2, section 4.2 
in [5]), we need to check that 

• (i) T^a.,L.,H,a IS dcuSC in CoiDi^H.a)- 

• (ii) There is A > such that {Lh,i — ^){'i^a.L.H,a) is dense in Co{Dj,H,a)- 

• (iii) Maximum principle: if / G 'F>a,L.H.a, fixo, o-o) ~ max / and /(xq, oq) > 
then LH,if{xo,aQ) < 0. 

Condition (i) is given by lemma H. 101 Regarding the condition {iii), if (a;o, ao) ^ 
Diag{I^) the maximum principle is obvious. If = ao, then for e small enough, 
{xq +£,a;o) G 'Da.L,H,a and necessarily dif{xQ,XQ) < 0. For e small enough, (xq — 
e,xo — e) £ 'Da,L,H,a and necessarily 

-dif{xi,xi) - d2f{xi,xi) < 

Together with (|4.10p this implies that —adif{xo,xo) < 0. Thus dif(xo,xo) = 0. 
Using again the fact that for e small enough f{xo — £, xq) < /{xq, xq), we get that 
LH,if{xo,xo) < 0. 

Next we check the condition (ii). Let A > and g G 'Da^L,H,a such that g[x, a) = 
for a close enough to inf /. Consider the equation on DiH,a 

(4.17) Ln.if -\f = g 

Let UH,\{x,a) be the function on Dj h satisfying the equation 

Lh,iUh,x - \uh.x = 
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and the border conditions UH,\{0',a) = 1 and UH,x{H{a),a) — 0. uh.x is and 
positive. Let /o(a;,a) be 

(4.18) UH,x{x,a) / / m(z)w(y)g{z,a)UH,x[z,a) 7^ dz ■ 



The right-hand side of (|4.18p is integrable: UH{y,a)^'^UH.x{y,CL)^'^ diverges in the 
neighbourhood of H{a) hke {H{a) — y)^^. UH,x{z,a)uH{z,a)'^ is equivalent in the 
neighbourhood of H{a) to {H{a) — z)^. AU other factors are bounded. Moreover 

H{a) i-H{a) , 

{H{a)-zfdz " 

(H{a) - yY 

fo E 'Da.L.H.a and satisfies the equation (|4.17l) . but in general does not satisfy the 
constraint (|4.10p . We look for a solution of (|4.17p of form fo{x, a) + C{a)uH,x{x, a). 
For it to satisfy (|4.10p . we need that 

(4.19) - -^ia)uH,xia,a) + C{a) f f 1 - - ) - -02) UH.x{a,a) + h{a) = 

a da \\ a J a J 

where 

h{a)^ (^(^l^i^di~^d2^ fo{a,a) 
using the fact that UH,x{a, a) = 1, (|4.19p becomes 

(4.20) - -^(a) + C{a)diUHx{a, a) + h{a) = 

a da 

Let J7 be a primitive of a M- diun.xio', i)- Then 

r 

C {a) :— cxp{aU {a)) / h{y) exp{—aU{y)) dy 

J inf I 

is a solution to (14.201) . C{a) vanishes for a small enough. fo{x, a) + C{a)uH,x{x, a) 
is in 'Da,L,H,a- The condition (ii) follows and hence the existence of a continuous 
positive contraction semi-group on Cq^Dj^hm)- 

Let a' > a G /. Let (S(i))o<t<f„ be a sample path for the semi-group generated 
by (LHa,2?a,L,H,a) on Di^H,a- Let / € 'Da,L,HM'- Then / restricted to Dj^hm is in 
T^a.L.HA and 

(^fm A Ca)) - LHAf{E{s)) d.^ 

is a martingale. This implies that (S(t))o<t<t;„ is also a sample path for the semi- 
group generated by {LH.i,T^a,L,H,a') on Di,h,cV (see theorem 4.1 in [8j, section 
4.4). , , , , , , ^ 

Proposition 4.12. LetxoEl. The path {£,a.L.H{t),Oa.L.H{t))o<t<Ca starting from 
{xo,Xo) obtained by glueing together the loops 7 € >Ca,L such that min7 < xq and 
max7 < _ff(min7) is a sample path for the semi-group generated by {Lh,i, T>a,L,H,a), 
for any d E I, d> xq. 

Proof. We need only to show that given a S /, a > xq, and / G 'Da^L,H,a, then the 
process (lt)t>o, defined by 

i f{£,a,L,H{t ACa),Oa,L,H{t ACaj) - [ Lh,1 f {£,a,L,H{s) , 0a,L,H {s)) ds] 
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is a martingale. For this we will use an approximation of H from below by step 
functions. Consider / fixed. For n e N, we define function the i7„ equal to 

Hn{a) ■■= inf |i/(a')|a;o - ^(1 + [2"{xo - a)\) < a' < xo - ^[2"{xo - a)\ 
Let UH^ix, a) be 

j 

UH„{x,a) may be discontinuous at points where a is of form a^o — — . Let Lh^ i 
be the second order partial differential operator 

r - 1 ft ( UHSx,a? ^ 
^H„,i ■- 7 — r^Oi 1—\ — 

j 

Lh,i if{x,a) may be discontinuous at points where a is of form xq — —. Lu^ if 
converges uniformly on compact subsets of DiH,a to Ln.if ■ 

Let (^Q,L,//„ (i))o<t<Cn Q be the path obtained by glueing together the loops in 
7 G Ca such that min7 < xq and max 7 < i/„(min7), rooted at their minima and 
ordered in the decreasing sense of their minima. Let 



,L,H„it) inf ia.L.H^ 
[0,t] 



Let (Fn,t)o<t<Cn Q be the process 



/(Cc.,L,H„(t),ea,L,H„(<)) 



y" LH„sf{£,a,L,Hr,{s),Oa,LM„{s)) ds^ 



0<t<Cr..a 



Let Tji^ajQ-j^-" be the first time £,a,L,H„ hits xq ~ —. The loops making up the 
path {Yn^t)o<t<T j .^jj,„„-T 8're the loops in 7 e such that 

min7 e (a;o - j2-",xo - (j + 1)2-") 
It follows from proposition 14.51 that for 3.g_Q_|_]^)2-" < Cn.a the process 
(Xn.XT^ =.o-32-'.+*)^^,.,xo-(i+i)2-'. ^ martingale. This implies that for Tn.xo-j2-" < 

Cn.a, {Yn,t/\T , )t>o IS a martingale. For j e N*, let 

Ki ■.= \(x,a) e - -)sup/+ — < a < ao, a < < (1 - -)ff(a) + - 

I ' J J J ] 

{Kj)j>i is an increasing sequence of compact subsets of Di^H,ao containing (xq, xq) 
and 

Dl.H,a„ = U K, 

Let 

T„,K, := inf{t > 0|Cc.,l,h„ (t) ^ K^} 
Tk, inf{i > 0|C„,L,i/(t) ^ i^j} 
Then (i^n.tATn k-. )t>o is a martingale. From lemma follows that ^q.l,h„ con- 
verges uniformly on compact time intervals to £,a,L,H and then that the uniformly 
bounded process {Yn.tAT„,Kj )t>o converges uniformly to (FtATjc^. )t>o- Thus (YtATK^ )t>o 
is a martingale. Since limj^+00 Tk^ = Cq, it follows that {Yt)t>o is a martingale. □ 
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